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ABSTRACT. The school bus routing problems seek to select a set of bus stops that will be
visited by the buses and determine which stop each student should walk to and develop a set
of tours that minimize the total distance travelled by the school bus. In this paper, we give an
approach to the school bus routing problem by applying a novel method called discrete Ricci-
flow at the stage of clustering students locations. The Ricci flow is originally a geometric
approach that is used to decompose smooth manifolds. With the development of discrete
Ricci curvature, many geometric ideas and methods have been applied to discrete settings
such as the complex network. Very recently, [10] has applied Ricci flow method to detect
the community structure and experimentally confirmed the effectiveness of this geometric
approach. This clustering algorithm plus a graph center algorithm help to estimate the
optimal location of the bus stops and eventually increase the efficiency of school bus routing.

Computational experiments are performed using real data.

Date: August 2019.
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1. INTRODUCTION

The School Bus Routing Problem (SBRP) has been intensively studied since its introduc-
tion in 1969 [9]. It is an important example of a theoretical challenge that also has immediate
real-word applications. There are various modifications and subproblems one can consider,
however the basic problem is to design a bus route and bus-stop locations to minimize either
the distance traveled by the buses or the number of buses [13]. Of course, if a single bus
is to pick up all the students from their homes then the problem is identical to the notori-
ous Traveling Salesman Problem. The key difference is that in the SBRP formulation, the
children are allowed to travel a certain distance to meet the bus at a designated bus stop.

Traditionally, the SBRP can be divided into the following subproblems.

(1) Data Preparation: In this stage, the goal is to manipulate the raw data of student
locations, schools and school times into a coherent model for the remaining subprob-

lems.

(2) Bus stop selection: The goal of this sub-problem is to specify the location of the
bus stops and to assign students to these stops. Possible constraints can include the

distance students must travel to the stops and the total number of stops.

(3) Bus route generation: In this subproblem, one designs efficient routes for the buses
to pick up the students at the various stops and drop them off at their respective

schools.
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(4) School bell time adjustment and route scheduling: In some versions of the SBRP, there
are added constraints of the various school starting and ending times. Therefore, one
would like to establish starting and ending times and possibly re-use buses for different

routes.

In this technical report we utilize a novel algorithm to fix bus stops and assign students to
those stops. Our data preparation step is to abstract away the actual roads and geographic
data and replace this with a weighted graph indicating the distances needed to travel between
students. This abstraction is crucial as the Euclidean distance between the houses do not
necessarily coincide with the distance a bus must travel between these two houses. One
subtlety we ignore during this project is that the distance from A to B is not necessarily the
same as the distance from B to A. For example, the presence of one-way roads can render one
direction much longer than the other. The next step utilizes a powerful recent development
in mathematics. The notion of curvature in geometry dates back to the pioneering work
of Gauss and Riemann. In several recent works, various authors have brought these deep
geometric notions to bear on graph theory. We use a discrete version of Ricci flow to locate
subsets of our graph with positive curvature. The Ollivier Ricci flow increases the weights of
those edges with negative curvature and we exploit this phenomenon by removing edges with
weights larger than a certain threshold. This partitions the graph into positive curvature

clusters. We use these as the students assigned to a single stop.
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(A) Assigning students to stops (B) Bus route

FIGURE 2

As there are various possible complications one can add to these models, we begin, as an
illustration, by applying our ideas to the simple setting of a single school with a single bus

Later on, we will explain the necessary modifications to handle multiple buses.
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Even in the mathematics community, the idea of curvature and Ricci flow for graphs
is relatively new. There have been very few works applying these results to problems in
computer science (e.g. [10, 18]). We believe this approach offers new insights into the SBRP
problem and vehicle routing problems in general. Furthermore, this approach is substantially
different from all the previous methods.

The remainder of the report is organized as follows. In Section 2 we describe the cur-
rent state of the SBRP. We survey the milestones in the research on all the subproblems
of the SBRP. In Section 3, we give an introduction to some basic differential geometry
that motivates the Ollivier-Ricci curvature on graphs. Next, we describe the details of the
Ollivier-Ricci curvature and Ollivier Ricci flow . Also in this section, we specify the al-
gorithmic aspects of discrete Ricci curvature and clustering nodes. Having established the
mathematical background, in Section 4, we give an in-depth description of our SBRP al-
gorithm. In this section, we also provide some empirical results from various simulations
and discuss some possible metrics to evaluate the quality of our algorithm. In Section 5 we
consider possible extensions of this work and point out several shortcomings of our analysis
that could be rectified. Finally, we highlight and reiterate the main contributions of this

work.

2. PrEvVIOUus WORK

The SBRP has a long history and we refer the reader to the surveys [13, 15, 9] for a more
thorough discussion of prior work. The SBRP falls under the classification of Vehicle Routing

Problemms, which dates back to 1950’s when Dantzig and Ramser used the mathematical
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programming formulation and algorithmic approach to solve the delivering gasoline to service
stations problems. The first studies regarding SBRP were carried out by Newton and Thomas
in 1969 then followed by numerous studies. SBRP is a combined problem of bus stop selection
and bus route generation, it was shown in [1]| that not only a single school SBRP is an NP-
hard problem, also a single sub-problem such as bus stop selection and bus route generation
are shown to be NP-hard problems. There have been various methods applied in these sub-
problems. In this project, we use the “cluster-first, route-second” approach whose first phase
is to groups the students into clusters satisfying the constraint: in each cluster the diameter
is restricted according to the maximum allowable walking distance from students’ home to
the bus stop. In the phase of clustering, there have been some methods applied from the
network clustering approaches into SBRP.

For example, a method called genetic sectoring based on a genetic algorithm is used
in [19], a clustering based algorithm to generate a feasible solution for SBRP in an urban
context [10].

At the phase of selecting bus stops, we know it can be easier to choose the best bus routes
if there are less bus stops can be selected, thus an efficient clustering method at the bus stop
selection stage is very important. In [5], the authors used a heuristic algorithm based on the
Dominating Set Problem to find the minimum number of bus stops. In [17], the authors used
a strategy to discretize the network points so that bus stops can be created in a large number
of points and they use a pseudo-random algorithm based on a GRASP [5] Construction

Phase to tackle the problem. As SBRP is an optimization problem, many optimization
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techniques has been applied, such as linear programming, non-linear programming, and
dynamic programming. For example, the authors in [2] used a multi-objective districting
algorithm to group students into clusters. The authors in [6] proposed a model for SBRP
which is formulated as a mixed-integer programming problem and used a heuristic algorithm

to solve the proposed model.

2.1. Data Preparation work. The SBRP in our project is formulated on a weighted graph
G = (V, E,w) with V representing the student locations, school and bus stops, F representing
the relation between any pair of vertices and W characterizing the distance required to
traverse from one vertices to another. At the data preparing stage, we delete edges with
long travel distance between the endpoints.

Through the Boston Public Schools Transportation Challenge website, we are able to
obtain over 20,000 real public school student addresses as they provided them in an excel
file. In it, we choose a number of schools of different bus-taking student sizes to see how our
algorithm works with different scenarios.

As the excel file only gave street addresses and geographic coordinates, we use Google
Maps to calculate the distance between each of these locations. We write an algorithm on
Google Apps Scripts to calculate the road distance between the locations and formatted the
results into a weighted adjacent matrix. Another issue is that one way roads make traveling
from one location to another different if going in the opposite direction. So we decided to

set each of the weights to the larger of the two driving distances.
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3. DISCRETE OLLIVIER Riccl FLow

3.1. Differential Geometry Motivation. The notion of curvature stems from the seminal
work of Gauss and Riemann [1]. They developed the idea to capture how much space is
curved. We work in the setting of Riemannian manifolds. Recall that manifolds are simply
higher-dimensional generalizations of curves and surfaces such that locally, the manifold
behaves like Euclidean space. A Riemannian manifold is a manifold endowed with a metric
that allows one to define distance on the manifold. This allows one to define a geodesic as a
curve such that for two points on the curve sufficiently close, the path along the geodesic is
the shortest path between these two points. We refer the reader to [3] for a more complete
account of these classical developments. We can now convey a basic idea behind Ricci
curvature. Consider two points a and b near each other. Let v be a tangent vector at a
and v’ a tangent vector at b in the same direction as v (this can be defined rigorously).
Ricci curvature measures the change in the distance between a and b as we travel along the
geodesics along v and v' (See Fig. 3). Positive curvatures, for example a sphere, indicate
that the geodesics get closer while negative curvatures result in growing distances. The
key characterization of Ricci curvature that is most convenient for generarlization is as a
condition on the average distance points need to travel to map one sphere in the tangent
space to another [21]. It will serve no purpose for us to state this precisely. We only
emphasize that there is a formulation of Ricci curvature involving transport of mass. There

are other ways to interpret Ricci curvature, but these will not be necessary for our discussion

(7.



A RICCI-FLOW APPROACH TO THE SCHOOL BUS ROUTING PROBLEM 9

F1GURE 3. The intuition behind Ricci curvature. The geodesics in the direc-
tions of v and v’ are shown as dotted red lines. The image above shows a
surface with a negative curvature near a and b.

Our next goal is to convey the intuition behind Ricci flow. We can relate our story via

the heat equation. Recall that in one dimension, the heat equation is given by

ou = Au

where A = 9?. This equation models the dissipative behavior of heat: high temperatures
tend to drop and low temperatures absorb the heat and rise. This smooths out and flattens
the temperature profile [12]. Ricci flow satisfies a similar equation with the metric in place
of heat. Intuitively, Ricci flow smooths the metric, but can lead to singularities that can
be removed. This procedure is known as surgery. Ricci flow and surgery were used in an

astonishing manner in the landmark work of Perleman [11], which resolved a long-standing
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conjecture on the classification of 3-manifolds. Our algorithm will make use of discrete

analogues of the geometric ideas from this section and even an analogous surgery procedure.

3.2. Ollivier-Ricci Curve and Flow. In this section, we introduce the Ollivier Ricci flow
algorithm that is used in [10] for community detection on various network. We start with
the definition of Ollivier’s Ricci curvature[l1]. Let G = (V, E,w) represent an undirected
connected graph with vertex set V' and edge set F without multiple edges or self loops, the
w:e € E — RT is the weight function that gives a positive value to each edge of G. Let
N(x) represent the set of all neighbors of z, P,, represent a sequence of edges which joins
a sequence of distinct vertices with starting vertex x and ending vertex y. The length of a
path is the sum of each edge weight on the path. Let d(z,y) represent the distance between
x,y, that is, is the weighted length of the shortest path F,,. For each node z € V, we
define a mass distribution p,(v) on graph G = (V, E,w) that assigns a certain amount of
mass at vertex x and its neighbors. Usually the sum of amount of the mass is scaling to
be one. Given a path P,,, we want to move the mass distribution u, to p, and calculate
the cost. Moving mass distribution is a transportation plan which is an ordered function
A:V xV —[0,1] such that A(u,v) is the amount of mass at vertex u to be moved to vertex

v. Function A is called the coupling function and satisfies the following constrains:

ZA(U, v) = g (u) andz A(u,v) = py(v).

veV ueV
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The cost of any transportation plan is the sum of costs for each mass-movement where the
cost of a single movement is calculated by A(u,v) x d(u,v). The transportation distance
between two probability distributions is then the smallest possible cost which is called the

Wasserstein distance W (i, 1), defined as follows:

W (4, :uy) = lgf Z Alu, v)d(u, v),

u,veV

where the infimum is taken over all coupling A between p, and .

By the Kantorovich-Rubinstein Duality, there is another way to calculate the Wasserstein
distance. Given a locally finite graph G = (V, E'), a function f : V' — R is called 1-Lipschits
if f(x) — f(y) < d(z,y), for each x,y € V. Then the transportation distance can also be

written as follows:

W, o) = sup > f(x)[pa(x) — pa()],

zeV

where the supremum is taken over all 1-Lipschits functions f.

The Ricci curvature on any pair of vertices {x,y} is then defined as

W(,u:m,uy).

KD =1 )
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Definition 3.1 (Ollivier’s a-Ricci Curvature). [I1] Let G = (V, E) be a simple graph, for
any z,y € V and a € [0, 1], the a-Ricci curvature k, is defined to be

W (g, 1)

/ia(l',y) =1- d(]?,y) )

where the probability distribution S is defined as:

(

aQ, if z = x,

a 1— .
/“Lx(z): d&, ZfZNﬁL‘,

0, otherwise.

\

Example 1. Given a graph G as shown in Figure j where the weight on each edge is set

to one. We will consider the transport problem from uS where masses distributed at x for o

unit and at its neighbors for 5= unit each to py where masses distributed at y for a unit

and at its neighbors for I_T" unit each. In this example, o > %
- 0 0
Ty, 5"
= = 1—a
C, 6 y170 151,0 ¢, 5 Y1, 5
1— 1— 1—
RN Ta L& 3 Ta Zs, 0 Eon 5(1 ;g8
11—« 0 0 11—
T4, —5 Ys, Ty, Y3, 75
T2, e Y2, 0 $2’O y2717Ta

FIGURE 4. pg and py
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Since a > %, we can define the coupling function:

6 (u,v) € {(z1,11), (¥2,92), (x3,7), (4, 2)}
I_Ta - I_Ta (u7v) S {(CL’,C), (I7y1)7 (x7y2)}

Alu,v) =qa— L2 (u,v) = (z,y)

PTO{ (u,v) = (may3>
0 others.
\
Then
o0 o 1—-a l—-a 1-a«
W(ux,uy)gT-(2+1+1+1)+( TG )-(14+242)
11—« -«
— 1 (2
Hla-—2) M+ 2
1— 1—
. 7( a)_ Q@

In order to prove that this upper bound is in fact an equality, we construct a function
f with values: f(u) = —1 for u € {z1,29,y}; f(u) = 1 for u € {3, 24}; f(u) = —3 for u =

y1 flu) = =2 for u € {ys,ys}; f(u) = 0, for others. One can easily check f is 1-Lipschitz
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function. Then

W0, 145) > 2 () f) + o)+ ) + 0= 2520 (Fln) + Flo) + Flos)
(2N HO+ (Y a) )
S i)+ (012 (c3-2-9)
+(1ga_1;&)'0 (1g&_04)‘(_1)
B MM—a) 1-a
TS TG

Together with the upper bound , we can then conclude that

7
Ko(z,y) =1— -+ - ~ —0.2333.

5

=

The value of a-Ricci Curvature depends the value of a. Y. Lin, L. Lu, and S.-T. Yau mod-
ified Ollivier’s definition of Ricci curvature to be the negative derivative when a approaches

1 in Ollivier’s definition, thus eliminating the idleness parameter [3].

Definition 3.2. [3| Let G = (V, E) be a simple graph, for any x,y € V, the Lin-Lu-Yau

Ricci curvature k(x,y) is defined as

_ Kalz,y
r(e,y) = lim %&)

where Ko (z,y) is the a-Ricci curvature defined in above definition.
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By Ollivier’s Ricci curvature, if W(u,, p1,) is less than d(z,y), the average distance be-
tween neighbors of x and neighbors of y is less than the distance between x,y which implies
that the two neighborhood sets are closer to each other. Thus the positive value of kg,
means the two neighborhoods are closer and the larger of value k,,, the closer between N (z)
and N(y). Alternatively, the positive value of k,, means the two neighborhoods are closer

relatively and the smaller of value k,,, the farther between N(x) and N (y).

Yo

Fi1GURE 5. Distance from one ball to another compared with the distance
between their centers.

Applying this natural idea to the clustering problem, we can imagine that the edge
curvatures are mostly positive valued in one cluster and are mostly negative valued between
different clusters, by appropriately removing the negatively valued edges (or in other words,
edges with large weight), we can separate the nodes and therefore obtain a partition of the
network. This idea is applied in [18]. The basic process stated in this paper is to remove the
most negative curvatured edge then re-calculate the edge curvature only for those affected
nodes/edges due to prior edge removals, then repeat the process until a good partition of
nodes. In another almost simultaneously published paper [10], the author used the approach

called discrete Ricci-flow to detect the communities in various network including Zachary’s



16 A RICCI-FLOW APPROACH TO THE SCHOOL BUS ROUTING PROBLEM

Karate Club graph, Network of American football games, Facebook Ego Network, etc. The
experimental results demonstrate the effectiveness of this approach.

Given a weighted graph and the metric w,,, we can calculate the Ricci curvature k;,. On
the other hand, if we consider the metric w,, to be functions of a variable which is usually

called “time”, then the Ricci flow is defined by the following geometric evolution equation:

9
ot

Way = —Waykgy.

A solution to the Ricci fow is a one-parameter family of metrics w,,(t) on a graph satisfying
the above partial differential equation. Ricci flow is an iterative process that aims to smooth
out the curvatures of the input graph by adjusting the edges weight, it stretches edges of
large negative Ricci curvature and shrinks edges of large positive Ricci curvature over time.
After i-th Ricci flow iterations, the edge weights are simultaneously updated by the following
flow process:

w:E:iy—i_l) = dz(x7y) — € kczz:y ’ dz(x7y)7

where € is the step size or learning rate of the gradient decent process.
After “enough” Ricci flow iterations Ricci curvature of the graph will be converged to
some value. To detect the clusters of the graph, all edges with weight greater than a threshold

are removed.
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In [10], they used a more general family of probability distribution m$? that depending

on two parameters « € [0, 1] and power p > 0:

«Q fv=x

mg?(v) = mexp(—d(x,v)p) ifve~x

v~T

0 otherwise.
\

Such probability distribution assigns amount « of mass to the center vertex x and the rest
of 1 — « to all its neighbors proportionally with respect to a specified function of the edge
distance.

[10] also proved rigorously that the Ollivier Ricci flow can successfully detect community
structure for the G(a,b) family of graphs, where graph G(s,t) is obtained by taking the
complete graph on t 41 vertices py,...,p;r1 and t+ 1 complete graphs C,...,Cyiq on s+ 1
vertices and then identify a vertex u; from each C; and identify u; with p;. As we can see the
effectiveness of this geometric approach, we will apply this method in our project to cluster

the students’ locations.

4. ALGORITHM

We use 400 meters as our maximum distance between a child and his/her bus stop. At a
reasonable pace, this distance can be traversed in under 5 minutes. However, one can adjust

this constraint without significantly altering the algorithm. We assume the raw data is either
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the students’ addresses or their longitude/latitude. The first step is for us to convert this
input into a weighted graph.

The goal is to use the notion of Ollivier Ricci flow to partition the students and then
choose a single stop for each partition. There are two competing objectives. One, we must
satisfy the constraint that no student walks too far. Two, we would also like to keep the
number of stops to a minimum. Although this does not translate necessarily into a shorter
bus route, in practice and simulation, this reduces the distance the bus travels. Therefore,
the idea is to avoid further partitioning sets that already meet the diameter restriction.
Note, our notion of diameter is induced by the edge weights, not the geometric (Euclidean)
distance. Explicitly, as we partition the graph, any connected component of radius less than
400 meters is frozen.

Our final algorithm proceeds in the following stages. If after removing the large weight
edges, our graph is disconnected, we apply the algorithm to each connected component. If
the connected component is of radius less than 400, we simply gather all its vertices into
a single cluster and do no proceed any further in the clustering phase on this set. If the
connected component is large, we compute the Ollivier-Ricci curvature and then allow the
Ollivier Ricci flow to iterate several times. Our program for this stage utilizes code written
by Chien-Chun Ni that he has made available online. This alters the edge weights and we
remove all edges above a certain threshold. A demonstration can be seen in Figure 6.

For each connected component of this new graph, we check whether the radius is suf-

ficiently small. If not, we apply our algorithm recursively to this subset. Finally, having
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(A) Above is a connected component of our (B) The above is the result of running our

distance graph.

s L2 .
' e
. a  F
e«® .$o it
LI 3

Ricci flow algorithm for several iterations
and then removing all edges above a certain
threshold. Each color corresponds to a con-
nected component.

(¢) Another example of a connected compo- (D) After one iteration of the partitioning

nent without the edges drawn.

scheme (again without edges drawn). Since
some clusters have radii larger than 400m, we
again partition those connected components.

FiGURE 6. These figures depict various stages of our partitioning algorithm.

partitioned our set of nodes into sufficiently small clusters, we choose a central node to be

our bus stop. We define a center to be any node whose distance to all the other nodes in
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the cluster is less than the radius. Such a stop can easily be found in polynomial time. For
a cluster of size n, we can apply the Floyd—Warshall algorithm which runs in time O(n?).

So far, we have been vague about several key parameters: the cutoff thresholds for the
large edge weights after each Ricci flow application and the number of iterations we allow
Ricci flow to perform before removing edges. These parameters are data dependent necessar-
ily as they are certainly not independent of the scaling. For example, in a rural community
where the separation of the children may be much larger, we expect the algorithm’s output
to be different since even though the distances are longer, our 400 meter constraint does not
change. We provide several examples of effective parameter choices from our data sets and
provide heuristics for choosing such parameters.

Once our partitioning phase terminates, this implies all the clusters have radius less than
400 meters. There exist simple polynomial time algorithms to check the radius of graphs
and to locate the (a) center. We designate the center of each cluster to be our bus stop.

From here, we generate an auxiliary graph that is simply the complete weighted graph
with nodes corresponding to bus stops (and a single node for the school) and edge weights
corresponding to shortest path by road. Now, finding an optimal route starting at the school,
passing through each bus stop and returning to the school is exactly the classical Traveling
Salesman Problem. For this, we have available many commercial packages that generate
approximations to the optimal path. Recall that optimizing the path exactly is an NP-hard

problem. We chosen to use Algorithm 2 to approximate the TSP solution. This is a classical
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algorithm [20] and we include the short proof that this algorithm approximates the real

solution to within a multiplicative factor of 2.

Lemma 4.1. Algorithm 2 is a 2-approximation of the TSP solution.

Proof. Note that the weight of a minimum spanning tree is a lower bound on the optimal
circuit, since removing a single edge from the tour creates a spanning tree. For an upper-
bound, note that the cost of the Eulerian tour is an upper bound and this cost is twice
the weight of the minimum spanning tree since each edge is included twice. Finally, by the

triangle inequality, skipping a vertex cannot increase the cost. U

Algorithm 1 Ricci Flow Algorithm

1: procedure Ricct FLow
Input: An undirected graph G and a real number § > 0.
Output: A weighted graph with updated Ricci flow metric on each edge.

2: Normalize the edge weights such that w'”) « di(e) - Z‘Edl(e).

ecE

3: Computer the Ricci curvature of G. .
4: Update the edge weight by wl ™ « d(e)® — ¢ - £ - d(e)®.
. Repeat (1)-(3) | — kY V| < § for every e € E(G).

ot

Our algorithm is summarized in pseudo-code in Algorithms 1, 2 and 3. Below are several
outputs of our algorithm on some data from local Boston high schools (See Fig. 7 and Fig.

8).

4.1. Choosing Parameters. As the rigorous behavior of our algorithm is not yet under-

stood, we can only apply heuristic justifications for our choice of parameters. The first
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Algorithm 2 Approximate Traveling Salesman Problem

1: procedure APPROXIMATE TSP

Input: A weighted subgraph graph Gley, ..., ¢ induced by centers {cy,..., ¢} in
each cluster.

Output: The cycle of minimum cost visiting all of the vertices of Gley, ..., ]
exactly once.
Find a minimum spanning tree of GG
Duplicate edges of the spanning tree T'
Construct Eulerian tour, U, of the spanning tree T’
Change U into a tour by following the order in U and skipping vertices that have already
been traversed

Algorithm 3 Bus Stop Algorithm

procedure PARTITIONING
Run Ricci Flow Algorithm on weighted graph G
For each connected component G-

if diam(G;) > « then

Run Ricci Flow Algorithm on G,

Output partitions of G
For each cluster of nodes Nj :

Designate the center to be a bus stop
Finally, run Approximate TSP on the bus stops (including the school)

parameter that we are free to choose is the surgery threshold for the edge weights. Gener-
ally, we output the weights after the Ricci flow algorithm and search for a natural division
in the edge weights (See Fig. 9). For our Billy Goodman high school data set, we found that
a reasonable division was 1400 while for the Jason Veritek Highschool, the cutoff we chose

was 2000. It would be an interesting direction to automate this choice of cutoff.
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centers of clusters

Highschool
FIGURE 7. We show the first two steps of our algorithm for the Jason Veritek

high school.
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FiGUurEe 8. Data from Billy Goodman High school.

The last parameter that we fix is the number of iterations in the Ricci flow algorithm.
Ultimately, we expect after enough iterations that all the edge weights will converge. There-
fore, the goal was to choose the number of iterations to be enough that a separation of

clusters appears but not so much that all the edge weights are identical. On our data sets,
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FIGURE 9. Histogram of edgeweights after several iterations of Ricci flow.
The initial data was that in Fig. 10.

we found that 20 iterations served our purposes. We imagine a more rigorous understanding

of the algorithm will provide a way to choose this number in an unsupervised fashion.

4.2. Evaluating Our Algorithm. As with many other Vehicle Routing (VR) problems,
our single-school formulation of the SBRP is NP-hard in general. Therefore, an effective
gauge of the functionality of our algorithm can only be done through comparison with

other algorithms or on data sets in which the optimal route is known. With the goal of
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comparison, we have contacted several research groups in an effort to obtain their data and
algorithm implementations (due to imprecise descriptions, we have been unable to implement
the leading algorithms ourselves). We are currently awaiting responses. In lieu of a direct
comparison with other algorithms, we consider a simple generated data set in which the
optimal route is obvious by inspection. Our algorithm is able to recover the optimal route
exactly (See Fig. 10).

Of course, for such a transparent data set, there are simpler algorithms, but this gives us

confidence that are heuristics are on track.

4.3. Running-time Analysis. Since the inception of complexity theory, algorithms run-
ning in polynomial time have been the gold standard of computer science. As mentioned
before, the SBRP is an NP-hard problem and therefore, providing a polynomial time algo-
rithm solving SBRP exactly would be equivalent to proving P = NP, a notoriously difficult
open problem in mathematics and theoretical computer science. Our algorithm is the com-
position of several polynomial time algorithms and is therefore, polynomial time. We have
not performed an in-depth analysis of the dependence on parameters as this would require
provable bounds on the Ricci-flow clustering which are currently out of reach.

For a data set with 70 nodes, our algorithm runs in 62 seconds on a desktop running with
an Intel Core i7. For about 100 nodes, it takes 280 seconds. These are reasonable times and

the number of nodes are substantially larger than a real single school bus routing problem.
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FI1GURE 10. A contrived example showing our algorithm can output the op-
timal path for simple clusters.

5. FUTURE WORK AND CONCLUDING THOUGTS

At this stage, our algorithm is a proof of concept. Further analysis into real-world busing
is required. Due to privacy reasons, we were not granted access to the actual bus routes of

the Boston public schools. A comparison of our generated routes with that of the actual
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routes would provide the empirical evidence to justify a policy based around our Ricci-flow
algorithm.

Our technique of utilizing Ricci flow to designate students to stops can likely generalize
to multiple schools and schedules. We believe one interesting generalization is to define Ricci
curvature and Ricci flow for directed graphs. This would be a fruitful mathematical pursuit
and furthermore, when applied to the SBRP problem, it captures the situation in which
there are one-way roads or heavy traffic in one direction so that the “distance” between two
points may not be symmetric.

From a theoretical computer science standpoint, it would be valuable to provide rigorous
justification of the performance of this algorithm. This would require a thorough under-
standing of the interaction between the Ricci flow and the surgery procedure beyond our

heuristic justification. This is likely a difficult mathematical problem.
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