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A TURAN-TYPE PROBLEM IN MIXED GRAPHS

EDWARD YU

ABSTRACT. A mized graph is a graph-like object that comprises a collection of vertices and
edges which connect pairs of vertices; edges can be either directed or undirected. We study a
natural Turdn-type problem on mixed graphs, seeking to understand how large a fraction of
directed edges an F-free mixed graph can have. We consider a Turdn density coefficient on
mixed graphs, and show that it has many properties analogous to classical Turdn numbers
in graphs and hypergraphs.

Such properties enable us to establish an analogue of the Erdds-Stone-Simonovits theorem
and give a variational characterization of the Turan density coefficient of any mixed graph
(along with an associated extremal F-free family). This characterization enables us to
highlight an important divergence between classical extremal numbers and the Turan density
coefficient; we exhibit a mixed graph for which the Turdn density coefficient is irrational.
However, unlike the case of Turéan-type problems on multigraphs, we show that Turdn density

coefficients are always algebraic.

KEYWORDS. extremal combinatorics, graphs, mixed graphs, Turdn density, Zykov sym-

metrization
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A TURAN-TYPE PROBLEM IN MIXED GRAPHS 1
1. INTRODUCTION

1.1. Motivation. Extremal combinatorics is a rich subfield of combinatorics which studies
how large (or small) an object satisfying certain constraints may be. Some of the primary
objects of study are graphs, networks that are comprised of nodes or vertices, some pairs
of which are connected by edges. Problems in extremal graph theory are exciting on their
own merits, but often also have wide ranging interest to the mathematical community and
applications that reach far beyond mathematics into computer science, electrical engineering,
voting theory, physics, and much more; some especially famous results of note include Turan’s
theorem [35] and the computer-assisted proof of the four-color theorem [28]. However, many
very fundamental (and simple-sounding) questions remain wide open despite tremendous
efforts to make progress (e.g. [34, 16, 30, 17]).

One of the earliest results in extremal graph theory was Mantel’s theorem in 1907 [23];
Mantel showed that an n-vertex graph which does not contain a triangle has at most %
edges. More generally, a fundamental family of questions in the field of extremal graph
theory are Turdn-type questions, which seek to understand how large a graph-like object can
be when we forbid certain substructures from appearing. We make the above notions more

precise below.

Definition 1.1. A graph G = (V(G), E(G)) is comprised of a vertex set V(G) of size v(G)
and edge set E(G) consisting of e(G) unordered pairs of vertices.

Given a fixed graph F, we say that F' is a subgraph of graph G (denoted F' C G) if
V(F) C V(G) and E(F) C E(G); in other words, we can obtain F' from G by deleting
vertices and edges. If F' is not a subgraph of GG, we say that G is F'-free.

Turdn-type problems are named in part due to a famous theorem of Turdn from 1941 [35]
which generalized Mantel’s theorem to complete graphs, graphs where all pairs of vertices
are connected by edges (the m-vertex complete graph is denoted K,); Erdés, Stone, and
Simonovits gave an asymptotic result for all graphs in [12, 13], sometimes described as “the

fundamental theorem of extremal graph theory”:

Theorem 1.2 (Erdés-Stone-Simonovits, 1946). For graph F' and positive integer n, let the
extremal number ex(n, F) be the mazimum number of edges in a n-vertex F-free graph.

Then, as n — oo we have that
X(F) =2

ex(n, F)/(3) = () =1

where X(F') denotes the chromatic number of F', the minimum number of colors required in

+o(1),

a proper vertex-coloring of F' (where no two adjacent vertices are the same color).
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Other Turan-type problems include the rainbow Turdn problem (on edge-colored graphs),
the directed-graph Turan problem, and the hypergraph Turan problem; the last of these in
particular is a rich and fertile area of research which has attracted much attention. Major

known Turan results are further discussed in Section 2.1.

1.2. Mixed graphs. A mized graph is a graph with both undirected and directed edges (see
Figure 2 for illustrative examples). In this work, we are interested in studying Turdn-type
questions on mixed graphs, motivated by applications to theoretical computer science and
other graph theoretic interest (see Section 2.2 for details). To precisely state the problem we

study, we first define appropriate notions of edge counts and subgraphs for mixed graphs:

Definition 1.3. A mized graph is comprised of a vertex set V' and an edge set E. Each
edge e € E links two different vertices u,v € V, and can either be undirected (e = uv = vu)
or directed (e = ud = vu). For directed edge uv, v is the head vertex of the edge, and u the
tail. No two edges can connect the same pair of vertices.

For mixed graph G, let e, (G) and eq (G) be the number of undirected and directed edges
respectively, and let a(G) = e, (G)/(3) and B(G) = e, (G)/(5) be the undirected and
directed edge densities, respectively. For vertex v € V(G) define its undirected degree deg, v
as the number of vertices connected to v by undirected edges, and its directed degree degq v

as the number of vertices connected to v by directed edges.

Definition 1.4. We say that the mixed graph F is a subgraph of G (F C @) if one can
obtain F' from G by deleting vertices, deleting edges, and forgetting edge directions. We say
that G is F'-free if F' is not a subgraph of G.

Example 1.5. In Figure 1, both F; and F; are subgraphs of G; F} is not a subgraph of Fb,

VASRVANIYAN

Fy 2

or vice versa.

Figure 1

The above definition of subgraphs is motivated by applications such as [11]. One might
initially consider the “naive” extremal problem, to maximize the edge density a(G) + 5(G)
over all F-free GG. This is a valid formulation for undirected graphs, because there exists a
unique notion of maximal edge count, and thus edge density. However, this is uninteresting
for mixed graphs—for all F' with at least one directed edge, F Z K,, and o(K,,)+5(K,) =1,
hence the maximal value of o(G) 4+ 5(G) over F-free G would simply be 1.
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This motivates a definition of a more interesting quantity. We may imagine weighting
the directed edges, so that each contributes some constant p > 1 to the edge count (while
undirected edges still contribute 1), so our goal is to maximize a(G) + pB(G). Clearly when
p =1 we have a(G) + pB(G) < 1, and as p increases, the maximal value of a(G) + pS(G)
is nondecreasing. Hence, there intuitively should exist a value of p for which the maximal
value of a(G) 4 pB(G) is at most 1 below this value, and greater than 1 above it. We call
this value the Turdn density coefficient, 0(F'). (We defer a formal proof of the existence of
0(F') to Proposition 2.2.)

Definition 1.6. Let F' be a mixed graph. We define the Turdn density coefficient 0(F') as

the maximum p such that
a(G) + pB(G) < 1+ 0pnel1)

over all F-free n-vertex mixed graphs G. If 8(G) = o(1) over F-free n-vertex G, we say

O(F) = oo.

The above quantity naturally arises in various theoretical computer science problems; for
example, Dong, Mani, and Zhao studied a generalization of the above quantity for a specific

family of mixed hypergraphs F' in the context of the k-SAT enumeration problem [11].

1.3. Main results. Our first theorem gives a result for mixed graphs with at most one
directed edge which is analogous to the Erdds-Stone-Simonovits Theorem.

Let F be the underlying undirected graph of I, obtained by forgetting the directions of
all directed edges (but retaining the edges).

Theorem 1.7. If F' is a mized graph with at most one directed edge, then O(F) = 1+ (ﬁl)
X —2

(zfx(ﬁ) < 2 then O(F) = o0).

See Example 3.3 for an example. The general case is more nuanced, since mixed graphs
have much more complicated extremal behavior than undirected graphs (a notion we make
precise in several ways in the subsequent results). This independently motivates their study,
given the vast literature and interest in identifying surprising, complicated, or otherwise
unusual phenomena that arise in studying extremal problems in graph-like objects.

As a starting point, we can classify mixed graphs as either collapsible or uncollapsible (see

Definition 3.4), and arrive at the following bounds on 0(F') for a general mixed graph F'.

Theorem 1.8. Let F' be a mized graph with at least one edge (directed or undirected). Then

e O(F) =1 if and only if F' is uncollapsible;
e O(F) = oo if and only if F is collapsible and x <ﬁ> =2;
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e otherwise,

x(7) - x(f) -2

It is possible to exhibit mixed graphs which achieve both ends of the inequality: the
upper bound is attained by Theorem 1.7, and an example where the lower bound is tight
is given in Example 3.12. Hence, the inequality in Theorem 1.8 is tight on both ends,
though unfortunately we cannot determine the exact value of §(F) from this inequality
in general. Towards more precisely understanding 0(F"), we first study in Section 4 mixed
adjacency matrices (defined in Definition 4.2) and obtain a result bearing strong resemblance
to Theorem 1 in [3], by Brown, Erdés, and Simonovits on Turdn-type problems in directed
graphs. We then use this result to give a variational characterization in Theorem 5.3 which
determines 0(F') as the solution to a finite-dimensional optimization problem.

These results suggest that 6(F') is a much more complicated object than the classical
extremal numbers of graphs. While the Erdés-Stone-Simonovits theorem implies that graphs
have extremal numbers that are always of the form 1 — % (for positive integer k), mixed
graphs exhibit a markedly different behavior, as the following result highlights by example

(constructing a mixed graph F' with 0(F) =1+ \%)

Theorem 1.9. There exists a mized graph F for which 0(F') is irrational.

Based on the above, one might wonder how complicated 6(F') can be. The complexity of
Turan-type quantities in discrete structures varies considerably. Turan numbers of graphs
are always rational, as noted above; Turan numbers of families of hypergraphs can have
arbitrarily high algebraic degree [21, 27]; and families of multigraphs can even have tran-
scedental extremal numbers [24]. We leverage our variational characterization to establish

algebraicity of mixed graph Turdn density coefficients, a notion we make more precise below.

Theorem 1.10. Let F' be a mized graph such that 6(F) < oco. Then 0(F) is an algebraic

number.
The following conjecture is similar to Theorem 1.2 in [21] and invites further investigation:

Conjecture 1.11. There exist finite families of mized graphs with Turdn density coefficients
of arbitrarily high algebraic degree. (The Turdn density coefficient of a family is defined in
the same manner as that for a single mized graph, except all mized graphs in the family are

forbidden.)

Organization. In Section 2 we give additional background on Turén results and summarize
some previous work on mixed graphs. We proceed in Section 2.3 to establish fundamental
properties of the Turdn density coefficient we define, including supersaturation [14] and

blowup lemmas [17]. We then continue in Section 2.4 to determine #(F) for some simple
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familes of F'. These preliminary results prepare us to prove an analogue of the Erdds-Stone-
Simonovits theorem in Section 3. We first investigate the case where F' has at most one
directed edge; here an exact asymptotic result can be given in terms of x (ﬁ > We then
apply this result to give an inequality which holds for all mixed graphs. We give examples
of mixed graphs on both ends of the inequality, showing it is tight.

The primary goal of the later sections is to develop a variational characterization for 6(F)
and apply it to obtain additional results determining the precise value of 6(F). We begin
this analysis in Section 4 by investigating a seemingly different extremal problem on mixed
graphs: for fixed p, maximize o(G) + pB(G) over F-free G. Following work in [3] we show
that there exist asymptotically extremal mixed graphs that arise as asymmetric blowups
of relatively small mixed graphs. The work done on this extremal problem is translated
into a variational characterization in Section 5. In Section 6, we concern ourselves with the
possible values that 0(F") can take: we first exhibit a mixed graph F' where 6(F) is irrational
in Section 6.1, and then show that §(F') is always an algebraic number in Section 6.2 (giving

a bound on the algebraic degree).

2. PRELIMINARIES

Notation. We use N to denote the set of nonnegative integers. For positive integer r, [r] is
the set {1,...,7}.

We will use E[X] to denote the expected value of random variable X. We will use P[A] to
denote the probability of event A.

For vector x = (z1,...,2,) let ||x[|, = >_i_, |z;| denote its ¢! norm. We use 1 to denote
the vector with all coefficients 1 (size will be clear from context).

We use A™! to denote the (r — 1)-dimensional simplex
At ={x=(21,...,7,) ER" | ||x||, = 1,2, > 0 for all i}.

For m x n matrix A, we use A;; to denote the entry in the 7th row and jth column of A.
For sets S, T we use S LIT to denote the disjoint union of S and 7. Asymptotic notation,

such as o(1), will always refer to the limit for large n.

2.1. Overview of Turan results. Graph or hypergraph Turdn problems (and variants
thereof) are one of the most studied problems in combinatorics, and are the source of several
major open questions.

One is the bipartite Turan problem: while the Erdés-Stone-Simonovits theorem appears
to give a complete asymptotic characterization for Turédn problem on graphs, it in fact gives
only ex(n, F) = o(n?) for bipartite graphs. The problem of finding the true exponent for
bipartite graphs is still unsolved. The Kévari-Sés-Turan theorem [19] bounds the extremal

number of K, the complete bipartite graph with part sizes s, ¢, by ex(n, K, ;) < O(n'~1/%)
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for s < t; this is is known to be tight in some cases [6], and is conjectured to be tight always,
but this is still wide open.

Recent attention has also been focused on the hypergraph Turan problem, where even the
density of the tetrahedron K3 is unknown; the known results in this field are a scattered
assortment of graphs (of which the Fano plane is one) [17, 7]. Many powerful techniques based
on probabilistic methods, homomorphism counting, and flag algebras have been developed
through the study of these Turdn problems, which are currently one of the most active
subfields of graph theory.

Several variants of Turdn problems on graphs have also been studied. One is the directed
graph problem, studied by Erdés, Simonovits, Brown, and Harary, among others (see [4, 3,
38]). Others include the multigraph problem [5], where multiple edges are allowed between
pairs of vertices, and the rainbow Turdn problem [18], where edges of the forbidden graph
are colored to impose an additional restraint.

Extremal constructions of Turan-type problems are also of general graph-theoretic interest.
For instance, the Turdn graph T(n,r) is the unique K, ;-free graph on n vertices with the
maximal number of edges: it is formed by partitioning the n vertices into r subsets of sizes
as equal as possible, then adding edges between vertices in different subsets. This special
structure makes the Turan graph an interesting object in its own right; similarly, the mixed

graphs that arise as extremal in our analysis are natural objects of study.

2.2. Previous work on mixed graphs. Mixed graphs as graph-theoretic objects also have
been studied in a variety of contexts—spectral graph theory on mixed graphs was developed
in [20, 2, 29] using concepts of mixed adjacency matrices similar to that in Definition 4.2.
In [22] bounds are given for the extremal degree-diameter problem of finding the maximal
number of edges in a mixed graph with limited maximum degree and diameter.

Mixed graphs also arise naturally in the context of theoretical computer science, including
the extremal problems of coloring [31, 26, 15] and job scheduling [32]. Mixed graphs are also
applied in the context of neural networks, since they are highly useful in encoding knowledge
relationships in large-scale networks, in particular ones where nodes are linked by possibly-
bidirectional notions of correlation or causality. They have numerous applications in object
classification and labeling [36, 10, 25], social network models [33], and inference on Bayesian
networks. Similar extremal problems also exist in logic programming: mixed graphs and
more general objects are relational structures which have been used in a variety of problems

in complexity theory and propositional logic [8, 9].

2.3. Mixed graph fundamentals. Recall that a mixed graph is a simple graph where

edges can either be undirected or directed.
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Example 2.1. In Figure 2, the first two graphs are examples of mixed graphs (note that a
fully undirected graph is still a mixed graph); the last two are not (self-loops and vertices

connected by multiple edges are disallowed).

JANVAN ANY/AN

Mixed graphs Not mixed graphs

Figure 2

Observe that 0(F) > 1 for all mixed graphs F', and that if F' C G then §(F) > 6(G).
We begin by confirming that 0(F) is actually well-defined via straightforward analysis.

Proposition 2.2 (Existence of 8(F)). For any mized graph F, either 5(G) = o(1) over all
F'-free n-vertex mized graphs G, or there exists a mazimal value of p such that
limsup o(G) + pB(G) < 1.

FgZaG
v(G)—o00

Proof. Let

f(p) = limsup a(G) + pB(G),
Fga
v(G)—o0
so it is clear that f(p) is nondecreasing, and 0 < f(p) < max(1, p) for all p € (0,00). Thus,
it suffices to show that f(p) is continuous. Since 5(G) < 1 for any mixed graph G, for all

€ > 0 we have that

flp) < f(p+€) =limsupa(G) + (p+ €)8(G) < limsup a(G) + pB(G) + € = f(p) +e,

FeaG FZaG
v(G)—o0 v(G)—o00
and similarly f(p —€) € [f(p) — €, f(p)]. Continuity follows immediately. O

Next, we show analogues of classical supersaturation and blowup density results similar

to those in [14, 17], using probabilistic methods.

Definition 2.3. Let G be a mixed graph and S C V(G). The induced subgraph G|S] is the
mixed graph with vertex set S and edge set consisting of all edges in G with both endpoints
in S.

Lemma 2.4 (Supersaturation). Given a mized graph F for which 0(F) < oo and € > 0,
there exists some constant ¢ = c(e) > 0 such that any n-vertex mized graph G satisfying
a(G) + 0(F)B(G) > 1+ € must contain at least c-n"'F) copies of F for n sufficiently large.

Proof. Choose Ny such that any mixed graph H on N vertices satisfying o(H)+60(F)5(H) >

1 + § must contain F' as a subgraph. Let n > Ny and GG be any mixed graph on n vertices
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with a(G)+60(F)B(G) > 1+e. Let S be a subset of Ny vertices from V(G) selected uniformly

at random, so
(2.1) E[a(G[S]) + 0(F)B(G[S))] = (G) + 0(F)B(G) > 1 +e.
Claim 2.5. If X is a random variable in [0,[] then P[X > E[X] — €| > ¢ for all € > 0.

Proof. Otherwise, let § = P[E[X]—e < X <1],s06 < $. Then P[0 < X < E[X]—¢] =14,

and
EX]|<l- 0+ (E[X]—¢)(1—-90) <e+ (E[X]—¢) =E[X],
contradiction. O

Applying the claim to (2.1), we find that

(@)

(2.2) P [a(G[S]) +0(F)B(G[S]) = 1+ a = 20(F)

When S satisfies a(G[S]) + 0(F)B(G[S]) > 1+ 5, G[S] must contain a copy of I’ as a
subgraph. Thus, if T'C S is a random subset of size v(F'), then

1
(2.3) P[F C GT]] > 5~
(U(F))
Combining (2.2) and (2.3), we know that if 7" is a random subset of V' (G) of size v(F'), then
€ 1
P[F C G[T]] > —r-
200F) (i)

Thus the number of copies of F'in G is at least

and the conclusion follows. O

Definition 2.6. Given a mixed graph F' and an integer ¢ > 2, let F[t] denote the balanced
t-blowup of F', obtained by replacing each vertex v; € V(F') by ¢ copies v; 1, ..., v;+, and each
undirected edge v;v; with 2 undirected edges vipvjy (1 < k,1 <), and each directed edge
v;0; with ¢ directed edges v, ,0;; (1 < k,1 < t).

Example 2.7. Figure 3 is an illustration of a balanced 2-blowup of a mixed graph.

Figure 3
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Lemma 2.8 (Blowups). Given integer t > 1 and a mized graph F with 6(F) < oo, 0(F) =
O(F[t]).

Proof. Suppose otherwise; then there is an integer ¢ > 2 and a mixed graph F' on r vertices
such that 6(F) < oo and 0(F) # 0(F[t]). Since F' C F[t], 6(F) > 0(F[t]). Then, there is
e > 0 such that there exist F[t]-free graphs G on n vertices for arbitrarily large n which
satisfy
a(G)+0(F)B(G) > 1+,

otherwise we would have a(G) 4+ 0(F)S(G) < 1+ o(1), which would mean 0(F) < 0(F[t]).
Then by Lemma 2.4, G contains at least cn” copies of F. Randomly select an equitable
partition of the vertex set of G into parts Vi,...,V,, i.e. [%J < |Vl < (%] for all 7. Hence
for any copy of F' in GG, the probability that its i-th vertex is in V; is ‘%' > % > % Thus
the probability that any given copy of F' has its i-th vertex in V; (for all 7) is greater than
1/(2r)". This implies there exists a partition {Vi,...,V,} of the vertex set of G such that G

contains at least ¢ (Q%)T =1 —=5=n" copies of F where each copy has its ¢-th vertex in V; for

27")T
all 1.

Now we construct a r-partite, r-uniform hypergraph H on the vertex set of G, such that
for v; € Vi, (i € [r]), (vy, .. vr) is an edge in H if and only if {vy,...,v,} forms a copy of F’
in G. Then H has at least 557 - n" edges by construction. By Theorem 2.2 of [17]: because
the Turan density of the smgle r-uniform hyperedge K is clearly zero, the density of K'[t]
is zero as well. Hence, H contains a copy of K [t] as a subgraph when n is sufficiently large,

and thus F[t] C G, a contradiction. O

2.4. Simple families of mixed graphs. We establish our first results on 0(F), for some
simple families F'. These will also be useful later on in Section 3.

We first deal with bipartite mixed graphs, i.e. mixed graphs F' for which x (ﬁ ) = 2. For
positive integer a, b, let K, ; denote the undirected complete bipartite graph with a vertices
in one part and b vertices in the other. Let K= denote the directed complete bipartite mixed
graph with a vertices in one part and b vertices in the other, where all edges are directed
from the first part towards the second part. Just as the Erdds-Stone-Simonovits theorem

guarantees ex(n, K,3) = o(n?), we claim that §(K—) = oo
Proposition 2.9. Let F' be a mived graph such that F' C K, for somet. Then 6(F) = oo.

Proof. 1t suffices to prove this for F' = Ky itself. We show that for any ¢ > 0, for mixed
graph G on n vertices, if §(G) > ¢ then K—> C G as long as n is sufficiently large.

Choose n’ > t and n > n/. First, delete all undirected edges from G to form (G; which
has more than c( ) edges, all directed. By the Erdds-Stone-Simonovits Theorem for K,

on the supergraph Gl, there exists some subgraph G5 C GG such that G2 K, since n is
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sufficiently large. Since G5 is bipartite, partition V(Gy) = A U B; without loss of generality
assume that more edges in Gy have their head in A than B, and delete all edges with heads
in B. The resulting graph G35 is a fully directed bipartite graph with all edges pointing
from B to A, with edge density at least }1 > 0. Since n’ is sufficiently large, we may apply
the Erdds-Stone-Simonovits Theorem for K, on the supergraph é}, which gives K as a
subgraph of G. O

We can also easily find §(F') when F' has no directed edges by applying the Erdés-Stone-

Simonovits theorem.
Proposition 2.10. Let F' be an undirected graph with chromatic number x(F'). Then

L+ s X(F) > 2,

0(F) =
() 00, if x(F) < 2.

Proof. The x(F') < 2 case is resolved by Proposition 2.9; assume x(F') > 3 in the remainder
of the proof. Note that GG is F-free if and only if its underlying undirected graph G is F-free.
Hence for all F-free G we have e, (G) + eq (G) = e(é) <ex(n,F) < (X(F)f2 + 0(1)) %2 by

x(F)—1

the Erdos-Stone-Simonovits theorem. Now, compute

X(F)=1. . x(F)-1 X(F) =1 [ (G) +eq (G)
a(G)+5F——0(G) < =—F—(a(G) + B(R)) = — < 1+o(1).
@)+ X7 37O < i3 @+ @) = N (M (1)
Equality holds when G is the Turan graph T'(n,x(F) — 1) with all edges directed arbitrarily
(which is indeed F-free), so 6(F) = X5, O

3. PROOF OF THEOREM 1.7 AND THEOREM 1.8

3.1. Mixed graphs with one directed edge. This subsection first gives a precise result
for complete mixed graphs with one directed edge which holds for all n-vertex F-free graphs,
analogous to Turan’s theorem, in Proposition 3.1. We use the Zykov symmetrization tech-
nique [1] to constrain the structure of an F-free graph, then use this structural information
to bound the edge count of the graph. Theorem 1.7 follows as a corollary.

We will use t(n,r) for the number of edges in T'(n,r), the r-partite Turdn graph on n

vertices.

—
Proposition 3.1. Let n > r > 2 be integers. For all n-vertex K, 1-free mized graphs G,
a(G) + gy < 1.

t(n,r)

The proof is deferred to Appendix A.

—)
Corollary 3.2. For any r > 3, we have 0 (Kr> =1+ 7%2
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Proof. The lower bound is obtained by taking the limit in Proposition 3.1 as n — co. The
upper bound is obtained by construction: as before, let G be any graph with all edges
directed and G = T'(n,r — 1); then G is F-free, a(G) = 0, 3(G) = =2 + o(1), so

r—2

. + 0(1)) < 1.

0+9(f7:)-<

— —
This implies ¢ (Kr> <1+ 7%2, so 0 (Kr> =1+ r+2 as claimed. O
We now prove Theorem 1.7 using this result, and the blow-up density result, Lemma 2.8.

Proof of Theorem 1.7. The case where F has no directed edges is covered by Proposition 2.10,
so we deal with the case where F' has one directed edge. For brevity let r = x (ﬁ ) Ifr=2
then F'is a subgraph of K for some t, so §(F') = oo by Proposition 2.9.

Henceforth assume r > 2, and take the vertex coloring of F' to obtain chromatic parts
V(F)=ViuUVoU---UV,.. Without loss of generality, we assume the directed edge of F' is
from a vertex in V; to a vertex in V5. Let F’ be the mixed graph obtained by making all

edges between V) and V3 directed with head vertex in V; (see Figure 4).

Wi ) Wi 2 Vi p)

Figure 4

By Proposition 2.10 we have

(3.1) 0(F) =1+ %

On the other hand, by Corollary 3.2, 6 (l?;) > 1+ ﬁ Notice that F”’ is a subgraph of a

balanced t-blowup of I?T for sufficiently large t. Therefore by Lemma 2.8,

1

2 1
(3:2) L

— ¢ (f?) — ¢ (f?i[t]) < O(F").

Finally, since  C F C F', we have 0(F") < 0(F) < 0 (ﬁ) Combining (3.1) and (3.2),

1 1
/< —
T_2§6(F)_9(F)§9(F> 1+ —.

1+

Example 3.3. In Figure 5 we have 6(F;) = oo and §(F) = 2.
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F1 F2

Figure 5

3.2. General mixed graphs. We will now concern ourselves with the general case. To
obtain bounds on §(F') for mixed graph F, we attempt to collapse F' into a mixed graph
with one directed edge, at which point we may apply Theorem 1.7. Earlier, we alluded to
a notion of collapsibility for mixed graphs. This notion characterizes whether or not the
aforementioned collapsing actually is possible—if not, the mixed graph is uncollapsible and
can be shown to have a density coefficient of 1; if so, the mixed graph is collapsible and can
be bounded.
We begin formalizing this notion of collapsibility.

Definition 3.4. We say a mixed graph is uncollapsible if some two head vertices are adjacent

or some two tail vertices are adjacent. Otherwise, it is collapsible.

Example 3.5. Figure 6 shows three uncollapsible configurations.

AT L

Figure 6

Let F be a collapsible mixed graph with at least one directed edge. Definition 3.4 implies
that the vertex set of F' can be partitioned into V(F') = Vo UV}, LUV, where Vj are all vertices
in I’ that are neither heads nor tails of any edge, V}, are head vertices of some edges, V; are

tail vertices of some edges; both V}, and V; are independent sets.

Definition 3.6. The head-tail collapsion of F, denoted by F*, is the mixed graph obtained
by contracting V} into a single vertex h and V; into a single vertex ¢. More precisely,
V(F®) = Vo U {h} U {t}, and E(F>) consists of the directed edge ht, all undirected edges
ab where a,b € Vy,ab € E(F), all undirected edges ah where a € Vj and there exists v € V},
such that av € E(F'), and all undirected edges at where a € Vj and there exists v € V; such
that av € E(F).

Example 3.7. Figure 7 illustrates an example of the head-tail collapsion.

Definition 3.8. For positive integer n and real number 0 < z < 1, let M(z,n) denote the

following mixed graph with n vertices, constructed in three steps:
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Figure 7

(i) Construct an undirected complete graph X on |nz| vertices;
(ii) Construct an independent set Y with [n(1 — x)] vertices;

(iii) Draw a directed edge from every vertex in X towards every vertex in Y.

This construction is illustrated in Figure 8.

Figure 8

Proposition 3.9. Let F be a mized graph. If F € M(x,n) for all x € (0,1) and positive
integers m, then O(F) = 1.

Proof. We will show that 6(F) < 1+ ¢ for any small € > 0. Let z = 1 — 5. = 1112657 and

compute the edge densities of M (x,n) as

(5 _ (5

a(M(z,n)) = ,
(M) G 6

lnxz| - [n(l—2)]  (nzx—1)n(l —x)

M(x,n)) = m m .

2

Asymptotically,

(M) . (nx —1)n(l — z)
lim =x°, 1 -
n—00 (g) n—00 (2)

Therefore, when n is sufficiently large, we have
2 2

B(M(z,n)) > 2z(1 —x) — m

€

oz(M(x,n)) > 2 — m,
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Now we compute o (M (z,n)) + (1 + €)3(M(z,n)) given the above inequalities:

62

a(M(x’n)) + (1 +e)ﬁ(]\/[(x,n)) > (QZQ — m) + (1+¢€) (217(1 —z) - 6(1i2€))

2

—z(z+201+e)(1—1)) -2+ e)m

2
z(z+21+€)(l—1x)) — 51520
2

=t e
where the last step follows from substituting z. This value is larger than 1 so 8(F) < 1 +¢;
since this is true for all small € > 0 we conclude that §(F") = 1. O

Proposition 3.10. Let F be an uncollapsible mized graph. Then 0(F) = 1.

Proof. If there is a vertex in F' that is both a head vertex and a tail vertex, then F' M (z,n)
for any choice of x and n since no vertex of M (z,n) has this property. If two head vertices
in F' are connected by an edge, then F' € M (z,n) because there are no edges in M(x,n)
connecting head vertices. In either case, O(F') = 1 by Proposition 3.9.

If two tail vertices in F' are connected by an edge, let M'(z,n) be obtained by reversing
the directions of all directed edges in M (z,n), so FF € M'(x,n). Then Proposition 3.9 can
be identically applied for M'(z,n) and we again conclude 6(F') = 1. O

Lemma 3.11. Let F' be a collapsible mixzed graph with at least one directed edge. Then

s S St i () > 2
O(F) = oo, if X <Z/7v>) = 2.

Proof. 1f x (ﬁ) = 2, then F" is bipartite with exactly one directed edge, which implies F
is a subgraph of K for some sufficiently large ¢, and §(F') = oo by Proposition 2.9.

Now assume x <ﬁ) > 2. By definition of F*, F'is a subgraph of a balanced ¢-blowup of
F* for some sufficiently large ¢. Therefore by Lemma 2.8, 0(F) > 0 (F*[t]) = 6 (F™). Since
F® is a mixed graph with exactly one directed edge, by Theorem 1.7 6 (F*) =1+ (FT)Q
Therefore, we have that

1

x(r)-2
On the other hand, the underlying undirected graph Fisa subgraph of F. Thus by Propo-
sition 2.10,

O(F)>1+

9(F)§6(ﬁ>:1+@.
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0

The proof of Theorem 1.8 follows easily from Lemma 3.11: all that is required is to bound
X (FD).
Proof of Theorem 1.8. The vertex set Vj in Definition 3.6 can be colored with no more than
X (ﬁ’) colors. Therefore x (F‘>> <x (ﬁ) + 2. Thus by Lemma 3.11,

1+#ge(p)g1+@.

x(F)
Together with Proposition 3.10, the proof is complete. 0

In fact, the bound given in Theorem 1.8 is tight, since the undirected complete graph
K, attains the upper bound by Proposition 2.10, and the following (easily generalizable)
example attains the lower bound:

C2
C2
Cc1 Cc3
C1 C3
aY
= =
aj é by a = b
ag b2
as bS
F F >
Figure 9

Example 3.12. Let F be the mixed graph shown in Figure 9. Then 6(F) =14 —= = 3.

The proof is deferred to Appendix B.

4. MIXED ADJACENCY MATRICES

In this section, we consider a different extremal problem on mixed graphs, where we seek
to maximize a weighted edge count over F-free mixed graphs. Formally, for positive real p,
we define the p-weighted edge count of a mixed graph as w, (G) := e, (G) + p - eq (G), and
the p-weighted degree of a vertex v € V(G) as deg,v = deg, v + pdegq v—in other words,
undirected edges have weight 1 and directed edges have weight p.

Question 4.1. For fixed p € (1,00) and mixed graph F', what is

limsup w, (G) /(U(f)),
FZG
v(G)—o0

the asymptotic maximum of the p-weighted edge density of F-free graphs?
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Note that §(F') is the largest value of p such that this asymptotic maximum is at most 1.
This fact will later be used to develop a variational characterization of 8(F) in Section 5.

Our main result for this section, Theorem 4.42, essentially shows that it is possible to con-
struct asymptotically maximal mixed graphs by carefully choosing a sufficiently dense smaller
mixed graph and asymmetrically blowing it up. We leverage the main technique in a work
of Brown, Erdds, and Simonovits [3], analyzing graph structure and edge density through
an object we call a mized adjacency matriz, which resemble hypergraph Lagrangians [17] or
patterns [27], in form and purpose.

4.1. Mixed adjacency matrices. In order to precisely describe the aforementioned asymp-

totically maximal family we introduce the concept of a mized adjacency matriz:

Definition 4.2 (Mixed adjacency matrix). A mized adjacency matriz A is an ordered pair
of r x r matrices (U, D) such that U and D satisfy the following conditions:
(i) U;; € {0,1} for all 7, j € [r], and U is symmetric.
(i) D;; € {0,2} for all i, j € [r], and D;; # 0 implies that D;; = 0. In particular, D;; = 0
for all i € [r].

(iii) For all ¢,j € [r], at most one of D;; and U,; is nonzero.

We say that r is the size of A, U is the undirected part of A, and D is the directed part of A.

A mixed adjacency matrix (U, D) of size r can be thought of as a “template” for construct-
ing mixed graphs; the elements of U and D specify the type and direction of edge between

the r parts (see Figure 10 for an illustration). The following definition makes this precise.

Definition 4.3 (Mixed matrix graphs). Let A = (U, D) be a mixed adjacency matrix of size
r,and let x = (z1,...,2,) € N" be a vector of nonnegative integers. Define the mized matriz
graph A[x] as the mixed graph with vertex set given by the disjoint union C; U --- U C,
(where |C;| = x; for each i € [r]), and edge set given by the following collection of vertex
pairs:
(1) For each i € [r],
e If U;; = 1, each pair of vertices in Cj; is connected by an undirected edge;
e If U;; = 0, no vertices of C; are connected by any edges.
(2) For each 7,7 € [r] with ¢ # j:
o If Ujj = Uj; = 1, each vertex in C; is connected to each vertex in C; by an
undirected edge;
o If D;j =2 and Dj; = 0, each vertex in C; is connected to each vertex in C; by a
directed edge with the head in Cj.
e Otherwise (U;; = Uj; = D;; = Dj; = 0), no vertices in C; are connected to any

vertices in C} via any type of edge.
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Example 4.4. Figure 10 illustrates the mixed matrix graph A [x] for A = (U, D),

000 020
U=100 1|,D=10 0 0], x=(2,2,3).
01 1 000

Note the undirected edges of A [x] are specified by U, and the directed ones by D.

|C1| =2

|Co| =2 |C3| =3

Figure 10

Definition 4.5. Let A = (U, D) be a mixed adjacency matrix and p € (1, 00). Its weighted
Ap+AJ

adjacency matriz is A, = U + pD and its symmetric part as AY™ = ===,
The purpose of such a representation, a simpler form of which is used in [3], is that it allows
us to approximate the weighted edge count of the mixed matrix graph with a quadratic form

on the weighted adjacency matrix; this is shown by the following proposition.

Proposition 4.6. Let A = (U, D) be a mized adjacency matriz of size r, and p € (1,00).
For allx € N,
1
w, (Ax]) = 5xTAx + O(|x]l,).

Proof. Let x = (z1,...,x,). Using notation from Definition 4.3, the counts of undirected
edges and directed edges in A [x] between components C; and C; are 1 (U;; + Uy;)x;z; and
%(Dij + Dj;)x;x;, respectively, and the number of undirected edges within component C; is
U (9521) = %quf + O(z;). Summing yields the desired result. O

Unsurprisingly, for a given mixed adjacency matrix A, the maximal weighted edge density
over all n-vertex mixed graphs constructed from A (i.e., all A [x] for ||x||, = n) is expressible

as the maximum value of a quadratic form as well.

Definition 4.7 (Density). For a mixed adjacency matrix A of size r and p € (1,00), let
9,(A) be the maximum of yTA,y over all vectors y € A""!. (This maximum exists because
A1 is compact). We call g,(A) the density of A with respect to p.

We give a crude bound on the density of any mixed adjacency matrix that will be useful

later.
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Proposition 4.8. Let A be a mized adjacency matriz and p € (1,00). Then g,(A) < p.

Proof. For all i # j € [r], (Azym)ij € {0,1,p}, and for all i € [r], (A%™) € {0,1}. Hence,
letting J be the 7 x 7 matrix of all ones, and y* € A" be the vector that maximizes yTA,y,

we have
9o(A) = (y)T Ay* = (y)T (A y* < (y) (p))y" = plly*[[; = p.
0

We would like to link the density g,(A) to the asymptotic maximum of w, (A [x]) as ||x||
grows large. To do this, we will consider for each n the n-vertex graphs of the form A [x]
form some x with maximal weighted edge count, and deal with their asymptotic behavior in

Proposition 4.10.

Definition 4.9 (Maximal mixed matrix graph). Let A be a mixed adjacency matrix of size

r, choose p € (1,00), and let n be a positive integer.

(i) Let xgﬁ be any vector that maximizes w, (A [x]) over all vectors x of nonnegative
integers with ||x||, = n.

(i) Let @;’2‘ =A [[XE’Z)‘H be the mazimal mized matriz graph on n vertices.
By applying Definition 4.9 and Proposition 4.6 we can draw the following conclusion:

Proposition 4.10. Let A be a mized adjacency matriz and p € (1,00). For all positive

mntegers n,

2
w, (85%) = Zg,(4) + 0 (%)

We now introduce the notion of a “condensed” mixed adjacency matrix A: if it is pos-
sible to remove matching rows and columns from A without decreasing the density, then
intuitively A is can be “condensed” further without affecting its density. (This is analogous
to “minimal” patterns for hypergraphs; see e.g. [27]). We formalize this in terms of the

principal submatrices of A:

Definition 4.11 (Principal submatrix). Let A = (U, D) and A’ = (U’, D) be mixed adja-
cency matrices; we call A" a principal submatriz of A if U’, D" are square matrices obtained
by removing the same set of matching rows and columns from U, D, respectively. A proper

principal submatriz of A is one which has smaller size than A.

1 0] [0 2
Example 4.12. The mixed adjacency matrix <[O O] , [O O]) has three principal sub-

matrices: itself, ([1],[0]), and ([0], [0]).
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Definition 4.13 (Condensed mixed adjacency matrix). For p € (1,00), call a mixed ad-
jacency matrix A condensed with respect to p if g,(A’) < g,(A) for all proper principal
submatrices A" of A.

When a mixed adjacency matrix is not condensed, we would like to reduce it to a condensed
submatrix by removing “extra” matching rows and columns. The following makes this

precise:

Proposition 4.14. Let A be a mized adjacency matriz, and let p € (1,00). FEither A is
condensed with respect to p, or there exists a proper principal submatriz A" of A such that

A" is condensed with respect to p, and g,(A’) = g,(A).
Proof. Take A" to be a principal submatrix of A of smallest size such that g,(A") = g,(A4). O

We thus introduce the notation A =2 A’ to denote the relation that A’ is a condensed
principal submatrix of A and g,(A’) = g,(A); p will be clear from context whenever this is

used.

4.2. Convergence. Considering mixed adjacency matrices as templates for asymmetrical
blowups, we introduce in this section a highly useful “convergence lemma,” which shows that
the parts in the maximal asymmetric blowup of a condensed matrix must be approximately
equal to some fixed ratio (with all parts nonzero). This will be useful later on, because it
allows us to describe maximal blowups by a unique optimal vector.

The proofs in this section are mostly standard sequence analysis, with techniques such
as Zykov symmetrization borrowed from hypergraph Lagrangian methods; this is similar to
Claim 2.(C) in [3] (though more complex).

First, we give a lemma, again using the method of Zykov in [1], which shows that all
vertices in a maximal mixed graph have approximately the same weighted degree up to some

constant difference.

Lemma 4.15 (Zykov symmetrization). Let A be a mized adjacency matriz, n be a positive

integer, and p € (1,00). Then |degp vp — deg, Ug‘ < p for any vertices vy, vy of (’53’2‘.

Proof. Let A = (U, D), and XSL)‘ be the vector from Definition 4.9. By construction, if vy, vy
are in the same component C; then deg,v; = deg,vz. Otherwise, assume without loss of
generality that v, € C] and vy, € (s, and degp v > degp vy + p.

Consider the vector x' = xgj (1,—1,0,...,0) (equivalent to moving the vertex v, from

C5 to C1). We have x’ € N" and [|x||; = n, but
w, (A[x]) =w, (A [{xﬁ%ﬂ) + deg,v; — deg, vy — (Azym)lQ +Un > w, (A [[xfﬁﬂ) ,

12 and U11 2 0. This

contradicts the maximality of xff)l. O

where the last inequality follows from deg, vy — deg, vy > p > (Aspym)
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Now we are ready to state, and prove, the convergence lemma.

Lemma 4.16 (Convergence). For p € (1,00) and a condensed mized adjacency matriz A of
size r, we have
1..(n)

(i) im0 X, 4 = y* exists (regardless of the choice of x,(:i).

(i1) y* is the unique solution with nonnegative coordinates to
(4.1) y e AT (A;ym)y = g,(A)1,

(7i) all coordinates of y* are strictly positive;

w)y 1s € unique vecior at marimizes'y Y among alt VeCctors'y c .
w) y* is th ' tor that mi TA, Il vect AL

Proof. We break the proof into three claims (proofs deferred to Appendix C): the first estab-
lishes a relation between (4.1) and the argmax of yTA,y, the second shows that lim,,_, %XS})‘

exists, and the third shows that the limit has the desired properties.
Claim 4.17. Any vector y € A"™! which maximizes yTA,y satisfies (4.1).

Claim 4.18. If (4.1) has a solution, then it is unique and has all positive coordinates.

Now we deal with the sequence %xﬁg. Because %XSZ € [0, 1]" for all n, the sequence has

limit points. Suppose ¥ = (y1,...,%,) is a limit point; then, it is clear that y € A™"1.

Claim 4.19. The vector y is a solution of (4.1).

Combining the three claims gives the desired conclusion: the limit %XSZ)‘ exists; it is the

unique solution to (4.1); it has all positive coeflicients; and it maximizes yTA,y. O
We give y* in Lemma 4.16 its own name:

Definition 4.20 (Optimal vector). Let p € (1,00) and A be a condensed mixed adjacency
matrix with respect to p. We will denote the unique solution to (4.1) by Y, 4, the optimal
vector of A with respect to p.

A simple corollary of Lemma 4.16 is that the part sizes of 653 become arbitarily large,

since each term in y7, 4 is positive.

Corollary 4.21. Let p € (1,00) and A be a condensed mized adjacency matriz with respect
to p. For any positive integer t there exists N such that A[[t1] C (’5/(:21 for alln > N.

Another extremely useful implication is the following, which strengthens the Zykov sym-

metrization claim from before:

Proposition 4.22 (Lagrangians). Let p € (1,00) and A = (U, D) be a condensed mized
adjacency matriz with respect to p. For any i # j, if U; = Uj; then (Azym)ij > Uy (Hence
if all Uy are equal, then A[1] is complete, meaning every pair of vertices is connected by

some edge.)
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Proof. This is analogous to the proof of Lemma 1 in [3]. Let y; 4 = (y1,...,¥,); without

loss of generality assume ¢ = 1, j = 2, and ), _, (Af,ym)lk Ye > D p_s (Af,ym)% yr. Let

y' = (y1 +42,0,93,...,y,). By Definition 4.20 Y, 4 is the unique optimal vector, so indeed
0< (¥p4) Ayya— (¥ AY

T

= yg (UQQ — Uu) + Y2 Z 2 <(Aspym)2k — (Aspym)lk> Yk + 2((ASPYm>12 _ Ull)y1y2
k=3

< 2((A™) 12 — Un) y13e-

O

4.3. Augmentation of mixed adjacency matrices. The work in this section is a more
complex version of Section 3 in [3]. The main idea of the section is that, in order to find a
small mixed adjacency matrix that yields a p-weighted blowup of high density, we may grow
a template adjacency matrix by systematically adding vertices while guaranteeing that the
density increases at each step. (In later sections we will analyze the procedure given here to
ensure that it terminates after finitely many steps at an “optimal” mixed graph to blow up.)

The key concept of augmentation is to begin with a condensed matrix A of size r, then
add a row and column to A (equivalent to forming a new vertex part C,,;) to form a new
matrix A’ of size r + 1 and higher density. The key result, Lemma 4.25, will enable the
finding of an asymptotically maximal mixed adjacency matrix by repeated augmentation in
later sections.

Definition 4.23 (Augmentation). Fix p € (1,00). Let B = (U, D) be a mixed adjacency
matrix of size r 4 1 with Ugy1)¢41) = 0. Let A = (U’, D') be the principal submatrix of B
obtained by removing the (r + 1)th row and (r + 1)th column from both U and D. Further

suppose A is condensed with respect to p, with optimal vector y? 4 = (y1,...,¥,), and
(4.2) 2 (A7) (s 15> 90(A)
j=1

Then we say that B is obtained from A by augmentation, denoted by A =2 B.

As alluded to earlier, the purpose of (4.2) is to ensure that the augmented matrix has
higher density than the original.

Proposition 4.24. If A ™% B then g,(A) < g,(B).
Proof. This is algebraic manipulation identical to that in Lemma 2 of [3]. O

Now we are ready to state and prove the augmentation lemma (this corresponds to Lemma

4 in [3]). Roughly speaking, it gives a useful condition for when a mixed adjacency matrix,
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can be augmented while still having a large blowup as a subgraph of some large mixed graph
G. This result will be key in Proposition 4.31 and Proposition 4.34, where we use it to
repeatedly augment a mixed adjacency matrix (thus increasing its density), while ensuring
that blowups of the matrix are F-free by keeping them as subgraphs of a large F-free mixed
graph G.

Lemma 4.25 (Augmentation lemma). Let p € (1,00), A be a condensed mized adjacency
matrix with respect to p, and € be a positive real. For all positive integers m, there exists
a positive integer N = N(A, p,e,m) such that: for any mized graph G on n vertices (n
sufficiently large) that satisfies

(i) deg,v > (g,(A) + €)n for all vertices v € V(G),

(ii) &) C G,
there exists a mized adjacency matrices B such that A =% B, and QSS?E ca@.

The proof will be deferred to Appendix D.

4.4. Forbidding a subgraph. In this section, we introduce the forbidden graph F' for the
first time, and consider mixed adjacency matrices which do not contain F' in any of their
blouwps. We construct a set of template adjacency matrices which we will later iteratively
augment into the asymptotically maximal blowup mixed graph (in fact, this set will consist
only of mixed adjacency matrices of size 1).

This, along with the following section, bear some resemblance to the proof of Theorem 1
in [3], with slightly different conclusions and significantly increased complexity due to the
existence of undirected edges. We first define the notion of containment: roughly speaking,
the mixed adjacency matrix A is contained in a sequence of mixed graphs (GYy,) if every mixed

graph of the form A [x] is a subgraph of some G € (Gy).

Definition 4.26 (Containment). For p € (1,00), let A be a condensed mixed adjacency
matrix with respect to p, and let (G(”))Zozl be a sequence of mixed graphs. We say A is

contained in the sequence if for any positive integer m, there exists integer n such that
(m) n
& C G,

It is easy to see by Corollary 4.21 that the following three conditions are equivalent:

(i) A is contained in the sequence (G(”))Zozl;
(ii) there is an infinite sequence of integers m; < my < --- such that for each m; in the
sequence, there exists integer n so that Qﬁgﬁf) C G,

(iii) for any positive integer ¢, there exists integer n such that A [t1] € G™;
Now, following the proof of Theorem 1 in [3], we briefly discuss the Zarankiewicz problem
[37] corresponding to Question 4.1; the extremal mixed graphs that arise will in fact be the

large mixed graphs G on which we later apply the augmentation lemma (Lemma 4.25).



A TURAN-TYPE PROBLEM IN MIXED GRAPHS 23

Definition 4.27. Let p € (1,00), F' be a mixed graph, and n be a positive integer. Define
dl(f} as the maximum possible minimum p-weighted degree among all F-free mixed graphs

G on n vertices, and Zgl} as a mixed graph on n which attains this maximum.

d"). = in d AN in d .
PP = Gy {vg‘l/l(%) eg”v} D TS Ly
FZG F¢a

)
L Then there exists an infinite sequence of increasing integers

Define aj, . = limsup,,_,,
Np,F = (nl, no, ... ) such that

d(”j)
. F
lim 2= =a* .

n)

The mixed graph Z;F is specifically constructed for use as the large subgraph G in
Lemma 4.25: all of its vertices have high minimum degree (equal to df;%, which we will

bound later), and Z/(:} is F-free, to ensure that blowups of the augmented matrices remain
F-free.

Definition 4.28. For mixed adjacency matrix A and mixed graph F, we say that A is F'-free
if the sequence (A [t1])52, is F-free.

Denote the two mixed graphs of size 1 by 0 = ([0],[0]) and K = ([1],[0]). The latter is
named thus because K [t1] is the complete graph K.

Definition 4.29. Let F' be a mixed graph and p € (1,00). Define &, p as the union of
{0}, and the set of all condensed mixed adjacency matrices with diagonal elements of their

undirected parts all equal to 1 which are contained in the sequence (Zﬁ"}) .
’ TLGNP’F

Proposition 4.30. Let F' be a mized graph with 0(F) € (1,00). For any p € (1,00), either
gp,F = {0} or Sp,F = {O,K}

Proof. Since 05%) is simply an empty graph on m vertices, it is clear that 0 € £, p for all p and
F. Thus it suffices to show that any condensed mixed adjacency matrix A = (U, D) of size
at least 2 with all diagonal elements of U equal to 1 cannot be in £, p. By Proposition 4.22,
{D12, D1} = {2,0}; without loss of generality suppose D5 = 2. For any positive integer ¢,
there exists n € N, g such that A[t1] C Z/ETL}. We have F' ¢ A[t1] since Z(TL} is F-free by

P
Definition 4.27. Now consider the mixed adjacency matrix

o (L o] fo2
0 0f"|0 0]/
We have A’ [[t1] C A[t1],so F' € A’ [t1] for all positive integers ¢, which means F' Z M(x, s)
for any positive integer s and any x € (0,1). This implies §(F) = 1 by Proposition 3.9,

contradiction. O
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4.5. Extremal mixed adjacency matrices. We are finally ready to resolve Question 4.1
by the process previously alluded to. We begin with the mixed adjacency matrices of size 1 in
&, r, and consider all matrices which can be obtained from them by a series of augmentations.
We first certify that there are only finitely many such matrices, then choose the one with
highest density. We show that the mixed graphs obtained by blowing it up optimally are in
fact asymptotically extremal F-free mixed graphs. Finally, we establish a finite set of mixed
adjacency matrices Mg which depends solely on F' and not p which is guaranteed to contain
the optimal matrix, in preparation for the next section, where we will give the variational
characterization of §(F') by varying p for fixed F.

In our first step, we deal with the two cases where K € £, p and K & &, p separately. The
approaches in both cases are similar—for any matrix in the sequence, we apply Lemma 4.25
using the F-free supergraph Z/(:} to attempt to find an augmentation of the matrix which
is still F-free. In either case, we obtain an equation for lim,,_, %dﬁ"}; We do this for the

k € &, p case first, in a single proposition:

Proposition 4.31. Let F' be a mized graph with 0(F) € (1,00). For any p € (1,00), if
d(”)

K € &, r then the sequence = converges and

d"")
lim 2~ =1=g,(K).
F 905
Proof. Since K is contained in the sequence (Zﬁ;) N for any positive integer t there
nEN,

exists n € N, p such that the undirected complete graph K; = K [t1] C Z/Ejz}, thus F' Z K;
for all ¢, implying dg)F >t — 1 for all positive integers t. Hence

d(”)

lim inf 2= > lim inf
n— 00 n n— 00 n

1
TSy,

(n)
If lim sup,,_, d”T’F > 1, then there exists e > 0 such that d;ill)? > (1+¢)n for all sufficiently
large n € N,p. All conditions for Lemma 4.25 on K and ZF(:L} are met for large n, so

there exist mixed adjacency matrix B such that K =% B, and 627;3) C Zl(f}. This implies

Fg (’5;?13). Since augmentation increases density, there are only two possible B values:

(ol D= G E )

So by the same reasoning as in the proof of Proposition 4.30, we must have F' & M (z,t) for

any positive integer ¢ and real number z € (0,1), thus #(F') = 1, contradiction. Therefore
(n)

limsup,, ., -2~ < 1.

(n)
Hence we conclude that lim,,_,~ g’;—F =1=yg,(K). O
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The case where K ¢ £, p is more complicated, since the set of mixed adjacency matrices

obtainable from the sequence can now be quite large.

Definition 4.32. Let F' be a mixed graph with 6(F) € (1,00). Given p € (1, 00), suppose
K ¢ &, p. Define B, i as the set of all mixed adjacency matrices B which are condensed with

respect to p, and such that B is contained in the sequence of mixed graphs (Zl()n}) ,
’ neprF

and B is obtainable from some finite (possibly empty) sequence
025 B, 2 g, X g, M0 M B, — B,
We would like to choose the mixed adjacency matrix B of maximal density from B, .

The following proposition ensures that this is in fact possible:
Proposition 4.33 (Finiteness). If K ¢ £, p, then the set B, p is finite.

Proof. Suppose for the sake of contradiction that B, r is infinite. Note that the undirected
part of each B € B, r has all diagonal elements equal to zero, since augmentation only adds
Os to the diagonals.

Because there are only finitely many mixed adjacency matrices of any given size, there are

arbitrarily large mixed adjacency matrices B € B, r contained in the sequence (Z[En}) en
p,F

Take B € B, p of arbitrarily large size. Let B’ = (U’, D) be the mixed adjacency matrix
of the same size, with U’ having all 0s on the diagonal and all 1s elsewhere, and D" having
all elements 0. By Proposition 4.22, each pair of vertices in B [1] are connected by an edge,
so B'[1] € B[1]. Hence the fact that B is contained in (Z;”}) implies that B’ is

nenN F
as well, which means we can find arbitrarily large complete undirected graphs contained in
<Z£"}> . Therefore K is contained in <Z£"}> , implying K € &, p, contradiction.
nGNp,F n NPYF |:|

Now we give the aforementioned result on lim,, ., %d;"}

Proposition 4.34. Let F' be a mized graph with 6(F) € (1,00), and p € (1,00), assume
()
K ¢ &, p, then the sequence de’F converges and

d(”)
lim 25 = B)}.
Jm —>= = max {g,(B)}

Proof. Let B* be any mixed adjacency matrix in B, p with maximal density. By Proposi-
tion 4.10 and Lemma 4.15, given any positive integer n, all vertices v in (’5%)3* have weighted
degree deg,v = g, (B*)n + o(n). Since F' 6;%*, we have dff} > g (B*)n+ o(n) for all n,

and
d(")

lim inf %F > g, (B").

n—oo
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On the other hand, suppose

d"). d").
limsup 25 = lim 2F > g (BY).
monp = = im0 >0, ()

There exists € > 0 such that any sufficiently large n € N, p satisfies dfff} > (g, (B*) +¢)n.
There exists some n € N, such that (’5;{\2* - Z;Zl. We established earlier that degpv >
(9, (B*) + €) n for all vertices v of Z;(:L}' Hence Lemma 4.25 on B* and Zl;"} for large n,states
that there exist mixed adjacency matrix B’ such that B* =% B’ (dependent on m and n =
n(m)) and @;TB), - ij}. We then take B’ 22 B” then B” is condensed and Qil(:g,, C Zg}l.
Note there are only finitely many such matrices B” because the size of each is at most one
more than the size of B*. Thus there is at least one such matrix B” such that (’55)@,, C Zr(:}
is true for infinitely many pairs m,n(m). This B” is contained in the sequence Z[(:L}, SO
B" € B, and g,(B") > g, (B*), contradicting the maximality of g, (B*) in B, p. Therefore

d(n)
lim sup 25 < g,(B").
n

n—oo

W

Combining the two cases, Proposition 4.31 and Proposition 4.34 allow for the following

definition and corollary:

Definition 4.35 (Extremal mixed adjacency matrix). Let F' be a mixed graph such that
O(F) € (1,00), and let p € (1,00). We use B to denote the extremal mized adjacency
matriz for F' with respect to p, defined by the following:

(i) By p=Kif K € &, r;

(i) B, p = argmaxpgep , gp(B) otherwise.

Corollary 4.36. For a mized graph F with 0(F) € (1,00), and for p € (1,00), the sequence
d(”l)

2% converges to the density of its extremal mized adjacency matriz, namely
d(n)
3 P:F — *
dm == = 9 (Blr)

*

Ps

s contained in the sequence of mixed graphs <Z£n}

Furthermore, B )
’ nGNp,F

and therefore
Fg 0527’%;71? for any positive integer n.
Our aim is now to show that the maximal graphs obtained by optimally blowing up B;

are asymptotically extremal. We first make this notion precise in Definition 4.37, then prove

it in Lemma 4.38.



A TURAN-TYPE PROBLEM IN MIXED GRAPHS 27

Definition 4.37 (Asymptotically extremal sequence). Let F' be a mixed graph; we say that

the sequence of mixed graphs (G("))Oo where each G(™ has n vertices, is asymptotically

n=1’

extremal for F' (with respect to p) if
o F ¢ G™ for any n;
o for any e > 0, for sufficiently large n, any n-vertex mixed graph G such that w, (G) >
w, (G(”)) + en? must satisfy F C G.

Lemma 4.38 (Extremal lemma). Let F' be a mized graph with O(F) € (1,00), and p €

(1,00). The sequence of maximal mized graphs (6;"}3*}?) 1s asymptotically extremal for
s n=1
F.

Proof. We use B* to denote B - in this proof. Let € be a positive real and G be an n-vertex

mixed graph (for large n) such that w, (G) > w, (6;72;*) + en?. By Proposition 4.10, when

n is sufficiently large, w, (62%*) > (gp(B*) _ %) %27 so w, (G) > (gp(B*) + %) %2

Claim 4.39. When n is sufficiently large, there exists a subgraph H C G on k vertices where

\/3;n <k <mn,and
o

min deg,v > (gp(B*) + E) k.

veV(H) 2
(Here deg, v refers to the degree of v in H.)
Proof. Construct a sequence of mixed graphs G™ = G, GV, .. where G is obtained

from G"~7+1) by removing a vertex v with deg,v < (9o(B*) + %) (n — j +1). The sequence
terminates when such a vertex does not exist. Then when n is sufficiently large, G~/ in
the sequence has

w, (G7)) > (gp(B*) + %) %2 ~ (9B +5) jZn—j+1) —2j 1

(n=Jj)” J)° + 16712 + O(n)

= (g"(B*) + E) 2 2

2

en2.

v
AN,

But w, (G("*j)) < p(";j), SO p% > %en2, which impliesn—j > , /2ipn, i.e. the sequence of

mixed graphs must terminate at some graph H on k > , /2ipn vertices. Then, by construction,
in deg,v > ( (B*) + 6) k
min deg, v — | k.
veV (H) &p 9o 2
O

Now we can finish the proof of the lemma. For the sake of contradiction, assume there

exists € > 0, an infinite sequence of integers n; < ng < ---, and mixed graphs G on n;
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vertices, such that for all sufficiently large j, w, (G;) > w, ((’5;7};) + en? and F Z G;. By
Claim 4.39, there is a subgraph H; C G, (therefore F' ¢ H;) on k; vertices with , /2—€pnj <

(k)

ki < n; and mingey g, deg,v > (g,(B*) + %) k;. Therefore d‘,;’f > g,(B*) 4 5 for all
sufficiently large j (recall Definition 4.27). Thus
(nl)v dkjF €
I —2F i =2 > g (BY) + <.
s 25 = fim S > 0,() +
(n)
But this contradicts Corollary 4.36 which states that lim,, . d"T’F = g,(B"). O

Finally, note that while the set B, r is finite, its size varies based on the value of p. To
conclude this section we construct the set Mg which is a finite set guaranteed to contain
B - that depends only on the forbidden graph F.

Definition 4.40. Let F' be a mixed graph with 6(F) € (1,00), define My as the union
of {K} and the set of mixed adjacency matrices A = (U, D) that satisfy the following
conditions:

(i) Ais F-free;

(ii) the size of A is at most x (ﬁ) — 1 (note F* is defined since F' is collapsible by

O(F) > 1).

(iii) all diagonal entries Uy = 0;

(iv) D is not the zero matrix;

(v) and U;; + Uj; + D;j + Dj; > 0 for all ¢ # j.

Indeed, the size of M is finite: There are at most 3" ~D"/2 elements of My of size r, since
for each 1 <i < j <r we have (U;;,Uj;, D;j, Dj;) either (1,1,0,0), (0,0,2,0), or (0,0,0,2).

Proposition 4.41. Let F' be a mized graph with at least one directed edge and 0(F) € (1, 00).
Then B}, p € Mg for any p € (1,00).

Proof. It K € &, F, then B;F = K € Mp by Definition 4.35. Otherwise K ¢ £, p. Let
By = (U,D).

Conditions (i) and (iii) are met by Definition 4.32, and (v) is met by Proposition 4.22.
Note that if D is the zero matrix then g(B) r) = maxyear-1yTUy < 1, contradiction, so
(iv) is true. By (iv) we know Bj . [1] is a complete graph with at least one directed edge.
Hence its size is at most x <ﬁ> — 1, since otherwise for large enough ¢’ and ¢, we would

have F' C F*[t] C B} i [t'1], contradiction. This means (ii) is true as well, so all conditions
are satisfied and B} . € Mp. O

The following theorem concludes the section; it gives the existence of an “asymptotically

extremal mixed adjacency matrix,” a matrix whose sequence of maximal graphs is F-free
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and asymptotically extremal, and guarantees that the matrix is contained in the finite pre-

determined set M.

Theorem 4.42. Let F' be a mized graph with at least one directed edge and (F) € (1,00),
and let p € (1,00) be a fized constant. Then,

i o /(") = B).
vl(rél)s_tlog Wy ( ) / (2) B%%AXF gp( )
FZG

Proof. By Lemma 4.38,
lim sup w, (G) /(3) = g,(B, r)-

v(G)—o00
FZG
By Proposition 4.41, we have B} . € Mp. Furthermore, for all B € Mp, B is F-free, thus
Lemma 4.38 implies g,(B) < g,(B; ). Hence
max g,(B) = g,(B, r),

and the theorem is proved.

5. A VARIATIONAL CHARACTERIZATION OF 6(F)

In this section, we use the main result of Section 4 to give a variational characterization
of O(F') as the solution to a finite-dimensional optimization problem. We essentially show
that we can find (F") by computing the maximum of a certain function over some finite set
of mixed adjacency matrices. This is a useful method to find the precise value of 0(F) in
the general case, where Theorem 1.8 does not provide a tight bound.

We first present an easy analytical lemma which essentially confirms that the maximal
p-weighted edge density of a blowup is continuous in p; this is virtually identical to the

argument in Proposition 2.2.

Lemma 5.1 (Continuity lemma). Let A be a mized adjacency matriz. Then g,(A) is con-

tinuous in p for p € (1,00).

Proof. Let A = (U, D). Note that yTDy < 1 for any y € A1 hence for all ¢ > 0 we have
9p(A) < gpre(A) = max yT(U+(p+e)D)y < max (y'(U+pD)y +e€) < go(4) +e,

and similarly g,(A) > g,—(A) > g,(A) — e. Continuity follows directly.
U

Remark 5.2. In fact g,(A) can be shown to be convex, but we will not need this result here.
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Theorem 5.3. Let F' be a mized graph with at least one directed edge such that O(F) €
(1,00). For each mized adjacency matriz B = (U, D) of size r in Mp \ {K} we let
1-yU y)

f(B) = min ( Dy

yeAr—l

then O(F') = mingem,\(xy f(B). (If yTDy = 0, we consider % =00.)

Proof. We break this into two claims.

Claim 5.4. For any B = (U, D) of size r in My \ {K} and y € A™!, we have
1—yT
o(F) < 1-yUy

y'Dy

Proof. Suppose otherwise. Then there exists mixed adjacency matrix B and vectory € A"}
such that y™Uy + 6(F)y™Dy > 1. But this means ggr)(B) > 1, which by Theorem 4.42
contradicts the definition of 6(F).

O

Claim 5.5. There exists B = (U, D) of size r in My \ {K} and y € A"! such that

1—-yU

oF) =YY
yTDy
Proof. Applying Theorem 4.42 to p, = 6(F) + ¢ for each positive integer k, we obtain for
each k a particular extremal mixed adjacency matrix By € Mg, such that
(5.1) limsup «(G) + pB(G) = g, (Bx).
v(G)—o0

FZG

Since pp > 6(F), we have limsupy,g)—eo @(G) + ppB(G) > 1 by the definition of (F).
FZa
Therefore g,, (By) > 1, hence By, # K. Since M is finite, there must exist some matrix B*

and an infinite sequence ky < ky < --- such that B* = By, = By, = ---. It is clear that
We may now apply Lemma 5.1 on B* and the sequence p; to conclude that
Gor)(B") = lim. g, (B") > 1.
But by Theorem 4.42, ggp)(B*) < 1, so ggr)(B*) = 1 and the conclusion follows. O

Combining the two claims, we are done. U

6. THE ALGEBRAICITY OF 6(F)

In this section, we apply Theorem 5.3 to draw additional conclusions about the values
0(F) can take on. We will first prove Theorem 1.9 by explicit construction. Then, we will

present a similar, more general argument that shows §(F') must be algebraic for all F'.
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6.1. A mixed graph F with irrational 6(F).

Proof of Theorem 1.9. Let F' be the mixed graph in Figure 11; we show that 0(F) = 1+ \%

biascico
Cc3 C1

I
ISIRS IS
W N =
s
Q
S

Figure 11
From inspection of Figure 11 we see x (ﬁ) = 3 and ¥ <FA’;> = 4. Define the three-
vertex mixed graphs Gi = {zy,22,yz}, Gy = {xyg,22,yz}, Gs = {xy,yZ, zi}, and G4 =

{z&, xy,yz}; see Figure 12. It is clear from Figure 13 that F' C G4[3], F' C G2[3] and from
Figure 14 that F' C G3[3].

z z z z
G1 Gz Gg G4
Figure 12

bscsbo azczby

RAya—— b%hfzc;;;;;zz%rchQ <::ii>————:::<ii:;>
1
F F

Figure 13. Figure 14. Figure 15.
F C G1[3] F C G5[3] F & Gylt]

On the other hand we claim F' Gyt for all positive integers t. For the sake of contra-
diction, assume otherwise; let X, Y, Z represents the three vertex sets obtained from blowing
up the vertices x,y, z, respectively (see Figure 15). Because a; is the tail vertex in the edge
a151, it must be in either X or Z.

If a; € X, then the edge a1b; forces by € Y. The edge a;by forces by ¢ X; since by is a
head vertex, b, € Y. Then the edge asby forces ay € X ; the edge asbs forces by ¢ X, so
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bs € Y since b3 is a head vertex. This in turn forces ag € X. Finally, because c;bs and cias
are edges, c¢; € Z; similarly c¢5 € Z. But c;c3 is an edge, contradiction.

Alternatively, if a; € Z, then b; € X. The edge bjas forces az ¢ X; since a3 is a tail
vertex, we have ag € Z and therefore b3 € X. Next, bsas is an edge, so ay ¢ X. Since ay is
a tail vertex, as € Z, so by € X. Then, as in case 1, we must have ¢, c3 € Y, contradiction.

We may now apply Theorem 5.3 to find the exact value of §(F"). The matrices we need to

consider are the F-free matrices with at most x <F >) — 1 = 3 vertices:

_~T
U D x* min ﬂ
xeA™-1  XTDx
00 0 2 L
11 )
(0 0 1] |fo 2 0]
1 1 1
000|002 <1—7§,\/§—1,1—7§> 1+ L
10 0]|]0 0 0]
(0 0 1] |]o 2 0]
00 1 000 (3,3,0) 2
11 0/|]0 0 0]
Hence . - .
0(F)= min  min ( —Y y>—1+—.
AeMp\{K}year-1 \ yTDy V2

6.2. 6(F) is always algebraic.

Proof of Theorem 1.10. Let B* be the mixed adjacency matrix in Mg \ {K} described in

sub

Theorem 5.3, so gg(r)(B*) = 1. Let B* — B with respect to p = §(F'), so g,(B) = 1 also.
Let r be the size of B. By Lemma 4.16 that there exists a unique y € A™! such that

(6.1) By = Al,

and y has all positive coordinates. Let C' be the (r — 1) x r matrix

1 -1 0 -+ 0
1 0 -1 - 0

10 0 - -1
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and observe that ||y, = 1if and only if 1-y = 1, and (6.1) holds if and only if C' (B™) y = 0.

Hence, defining the r x r matrix

ot
c(B;™)

we deduce Ay = (1,0,...,0) has a unique solution y € A""!. This implies A is invertible,

hence y = A71(1,0,...,0). Simple calculation shows that all elements of A are in the set

{0,41,+p,£(p — 1)}. Hence all elements of A~! can be expressed as % where P, () are

polynomials in Z[p], which implies the same for y, the first column of A~'. Finally, by

Theorem 5.3 we have
l—yUy

y'Dy
which means 6(F') is algebraic as claimed. O

0(F)=p=

APPENDIX A. PROOF OF PROPOSITION 3.1

()

t(n,r)

ea (G) < (3). Take a

Proof of Proposition 3.1. This is equivalent to showing e, (G) + 9

(»)
t(n,r)
We first use Zykov symmetrization [1] to show that for any unconnected a,b, we may

—
mixed graph G that maximizes e, (G) + eq (G) over all n-vertex K, i-free graphs.

assume a and b have the same neighborhood, i.e. for all vertices v either va,vb are both

nonedges or are identically oriented with respect to v.

Claim A.1 (Zykov Symmetrization). Suppose a, b are unconnected by any edge in G. Then

there exists G’ on the same set of vertices as G such that G’ is K, -free, a, b have the same

neighborhood in G/, and e, (G') + ) eqa (G") = e, (G) + (:) eq (G).

t(n,r) t(n,r)

Proof. Without loss of generality, assume deg,(a) + t((f% degq(a) < deg,(b) + t((f’)r) degq(b).

Delete a and replace it with a perfect copy b’ of b. This does not decrease the value of

n %
e (G) + t((nzz) eq (G), and it does not introduce a copy of K, 1, since no copy was originally

in GG, and no copy can contain both vertices b and b’ because they are not connected. U

Consequently, assume without loss of generality that Claim A.1 holds for all a,b € V(G).
Let A be a maximal independent set of G; every v € V(G) \ A is connected to at least one
vertex in A, and thus by Claim A.1 is connected to all vertices in A, with va identically
oriented for all @ € A. Partition V(G) = AU BUC, where B is the set of vertices connected
to A by undirected edges and C' is the set of vertices connected to A by directed edges (see
Figure 16). (see Figure 16)

We now induct on r. For the base case r = 2 note that B and C' cannot both be
nonempty, else a 1?3 is formed by choosing one vertex from each. If B is empty, then there

ﬁ
are no undirected edges in C' (if ¢;¢ is such an edge then {a, c1, ¢} for a € A forms a K3),
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Figure 16

so G has no directed edges; the conclusion reduces to e, (G) < (g) which is apparent. If C'is
empty, note that there are no edges in B (if b1by is an edge then {a, by, by} for a € A forms
a I?;) and therefore G is bipartite. Thus by Turan’s theorem e(G) < #(n,2) and the result
follows.

For the inductive step, assume that this proposition is true for I?r—free graphs; we will
show it is true for Iﬁ—free graphs. Note that any vertices u € B and v € C' are connected
by some edge, since u and v do not have the same neighborhood. Now we casework on B:

If B is empty, note that C' is I?T—free (if l?r € G[C] then adding a € A forms a m), SO
()

eu (GIC]) + . 1)

(5 Cf
4 (610) < e (GICD) + 2 peateic) < (),
the second inequality following from the inductive hypothesis. Thus

e (G) + t(g)r)ed (@) < 4] -] + ('g') < (Z)

If B is nonempty, then we claim that K, € G. Else, there exists a set S of r + 1

pairwise-connected vertices. If S does not contain a vertex in A, then add one arbitrarily;
do the same for B. Note that the new set S’ has size at least r + 1 and vertices pairwise
connected; furthermore for u € '’ N A and v € S’ N B, the edge uv € E(G[S']) is directed.
This implies ﬂ C G[Y'], contradiction. This claim being established, we easily have by
Turan’s theorem

()

t(n,r)

)

e (@) + t(n,r)

€d (G) S

(ea (G) + €4 (G)) < (Z)

This completes the induction and the proof. 0

APPENDIX B. VERIFICATION OF EXAMPLE 3.12

Let G the mixed graph in Figure 17.

We claim that F' € G[t] for all positive integers ¢. For the sake of contradiction assume
F C GJt] for some t. We denote the 4 parts of vertices of G[t]| by X, Y, Z, W. Because ¢, ¢a, ¢3
are pairwise connected, they must be in different parts of G[t]. Because of the symmetry in

G, without loss of generality we only need to check two cases:

(i) c1,c9,c3 are in X, Y, Z, respectively, forming a transitive tournament, see Figure 18;

(ii) c1,c9,c3 are in W, Y, Z| respectively, forming a directed cycle, see Figure 19.
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Figure 17 Figure 18 Figure 19

Case 1. ¢; € X, € Y,c3 € Z. Consider vertices by and ay. Because by is connected
to both ¢y and c3, we know that by ¢ Y and by ¢ Z. Similarly, as ¢ X and ay ¢ Z. If
by € W, then ay ¢ W which forces ay € Y, but that is impossible because the edge a251 has
the wrong orientation. Therefore b; € X. Similarly, consider a, and b3, we get as € Y. But
by € X and ay € Y result in the wrong edge orientation for asb;, contradiction.

Case 2. c; € W,y € Y, c3 € Z. Using the same reasoning as in case 1, considering as and
by we get as € Y. Then considering b, and a3 we get by € W, again resulting in the wrong
edge orientation for CL261, contradiction.

Therefore F* Z G|t] for all positive integers t. Note that a(G[t]) = 0, and B( [t]) = 6t2/(42t)
tends to Z% as t grows large, so 6(F) < 4 . Also by Theorem 1.8, §(F') > L — %. Hence

G
0(F) = 3.

APPENDIX C. CLAIMS IN LEMMA 4.16
Proof of Claim 4.17. We apply the method of Lagrange multipliers. Compute
VyT Ay = (4, + Ay =2(A4™)y . Vyl, =1.
Hence a maximizing vector y* € A™! of yTA,)y satisfies
0= (VyT Ay = AVIyll)| Ay - a
for some constant A\. Note that by definition g,(A) = (y*)TA,y*, hence
A= (y)T(AL) = 2(y")T (A™) y* = 2(y*)TAy* = 29(A),

which shows y* is a solution of (4.1). O

Proof of Claim 4.18. 1f y* is a solution to (4.1) then

(Y)TAY" = (y)T(AY")y" = (y) - g,(A)1 = g,(A),

the last equality being true since ||y*||, = 1.
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We first show that no solution can have coordinates equal to 0. Suppose for the sake of
contradiction that (4.1) has a solution y, with some coordinate equal to 0. Let y’ be the
(r — 1)-dimensional vector with that coordinate removed from yg, and let A’ be the principal
submatrix of A with the row and column of its undirected and directed parts corresponding
to that coordinate removed. Then (y')T ALy’ = yjA,y0 = g,(A), contradicting the fact that
A is condensed.

Now we show that there cannot be more than one solution. Suppose for the sake of
contradiction that there there are two distinct vectors with nonnegative coordinates which
both satisfy (4.1), which means any affine combination of them does as well. A suitable
combination produces a vector satisfying (4.1) with all coordinates nonnegative and at least

one coordinate 0, reducing to the first case. 0

Proof of Claim 4.19. By Proposition 4.6 and Proposition 4.10,

(C.1) 5 ()4, (x) = w, (4 [x05] ) + 0(m) = F,(4) + 0(n?).
Let ny < ny < --- be a sequence of integers such that limy_,. éxgj) = y. Then (C.1)

implies that yTA,y = g,(A). Now for all integer k, write XS;Z) = < 5"”, . ,$£nk)>, and let

vy, U9 be two vertices in A [[xglj)ﬂ . By Lemma 4.15, all weighted degrees of the vertices are
equal up to a difference of at most p. Using notation from Definition 4.3, assume without
loss of generality that v; € C) and v, € Cy. Let A = (U, D), then deg,v; = deg, vy + O(1)

can be written as
.,

S (), o = 3 (4, )+ 0()

j=1 Jj=1
Dividing both sides by n; and taking the limit as £ — oo yields

T s

oA =3 (A, v,

j=1 j=1
which means the first two coordinates of the vector (Af}’m) y are equal. Repeating this
reasoning all coordinates in the vector are equal, i.e. (Af,ym) y = (¢¢,...,c) for some
constant c¢. Since g,(A) =yTA,y = y7(A,)Ty, we have

9p(A) =y (A™")y =yT(c.c,....0) =c-[lyl, = ¢,
which means indeed (AY™)y = g,(A) - 1, so (4.1) holds for y. O

APPENDIX D. PROOF OF LEMMA 4.25

Proof of Lemma 4.25. We will assume N to be a fixed large integer whose value will be
chosen later in Claim D.3. For any mixed graph G on n vertices that satisfies the lemma

conditions, divide its vertices into two parts: Vi, the vertices of 62{\2, and V5, the remaining
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n — N vertices. Further divide V; = Cy U --- U C,. (where r is the size of A) according to
Definition 4.3. The partition of the vertices of GG is illustrated in Figure 20.

Figure 20

For vertex v € V(G) and vertex set S C V(G), we use deg,(os) (v) to denote the weighted
degree of v with respect to .S, by computing deg,(v) after removing all vertices not in SU{v}.
Also define the weighted edge count between V; and V5 be the sum of weighted edges between

vertices of the components, > deggvl) V= uen deggvz) u.

veVy

Claim D.1. Let V' C V5 be the set of all vertices v € V5 such that degf)vl)(v) > (9,(A)+5)N.
Then |V'| > 5,1 for sufficiently large n = n(e, p, N), and any mixed graph G on n vertices

satisfying the two conditions of the lemma.

Proof. By condition (i), the weighted edge count between V; and V; is

Z degﬁ,vl) v = Z deggvz) u > (g9,(A) +¢€)(n—N)N — pN.

veVy ueVy
When n = n(e, p, N) is sufficiently large, (g,(A)+€)(n—N)N —pN > (g,(A)+3)(n—N)N.
Also note deg,(ovl)(v) < pN for all v € V4. Thus

(gp(A) + %) (n— N)N < Z deg"V) v

veVa
= Z degf)vl) v+ Z deg,(ovl) v
veVR\V’ veV’

< (95(4) + 5 ) Nln = N) + pN|V'|

which simplifies to [V'| = 5(n — N) = £n. O

Note there are only 4V ways for a vertex in V5 to be connected to vertices in V;. Hence

there exists V" C V' of at least 8ip4i vertices, for which all vertices v € V" are connected

identically to vertices in V;, and degl()vl) v > (g,(A)+£)N.
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Let A = (U, D). We define matrix B = (U’, D') of size r + 1 as follows: the first r rows
and r columns of U’ and D’ are identical to those of U and D respectively, U(’T 1) =

D/

(ri1)re1) = 0, and for each j € [r] (see Figure 21 for illustration):

(i) if there are at least g N vertices in Cj joined to each vertex in V" by a directed

ey = 2and Uy = U gy = D) = 0;

else if there are at least N vertices in C; joined to each vertex in V" by a directed
il v

edge with head vertex in V” set D,y =2and U, ), =Uj, 1y =Dy, =0;

(iii) else if there are at least g 5,V vertices in C; joined to each vertex of V" (by either

edge with head Vertex in Cj, set D(

directed or undirected edges) set Ul 1); = Ulpyry = Land Di, ), = Dl ) = 0;
(iv) else, set U/ = U] =D =D = 0.

/
(r+1)j — Yi(r+1) (r+1)j — Tilr+1) T

Claim D.2. For vertex v € V" and j € [r], the weighted degree of v with respect to C; is

C; sym EN
(D.1) degf) Dy < (pr ) (1) G| + o
Proof. We examine all four cases in the construction of B above. Since p > 1, degE,Cj v <
p|C;l, so in cases (i) and (i), (Bsym)(TH) = p, thus (D.1) is true. In case (iii), (B;ym)

1, and the number of directed edges is less than 25 N therefore

(r+1)j

o € eN

Finally in case (iv), the number of edges (directed or undirected) is less than g— N, hence

deg v < ,08 N < &= U
Claim D.3. When N = N(A, p, €) is sufficiently large, A =% B.

Proof. By Claim D.2, for each vertex v € V", the weighted degree of v with respect to V; is
m eN
dgv1v<z BSy "y O +
j=1
Combining this with deg!" v > (g,(A4) + £)N, we get

€ d s m N
(904) + 5) N < degD o < 37 (™), 105+
j=1
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Dividing by NV,

€ - sym ’CJ’
9p(A) + 1 < z; (pr )(r+1)j N
J:

Let y5 4 = (Y1,-..,yr) be the optimal vector of A. Recall that C; are the parts of 055,]7\2, SO
limy o0 % = y; by Lemma 4.16. So when N = N (A, p, €) is sufficiently large, we have

r

90(A) <Y (BI™) 00y Vi

j=1
which means A = B by Definition 4.23. 0

Finally, we’ll show that 055:2 C . Because A is condensed, by Corollary 4.21, if N is
sufficiently large, then A [m1] C QS;{\Q. Thus A[ml] C QSS\Q C G by condition (ii) of the
lemma. By construction of B, when n is sufficiently large, |V”| > m and all edges of B [m1]

corresponding to the (r+1)th row and (r+1)th column of the undirected and directed parts
of B are in G. Therefore B [m1]] C G. Since QS(WB C B[m1], we have QSZ%) C G. O

P
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