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ABSTRACT. A modular tensor category is a fusion category with additional structure that
has applications in other fields of mathematics as well as quantum physics. We contribute
to the classification of modular categories C with FPdim(C) = 2 (mod 4). We prove
that such categories factorize as C =2 CK semion, where C is an odd-dimensional modular
category and semion is the rank 2 pointed modular category. This reduces the classification
of these categories to the classification of odd-dimensional modular categories. It follows
that modular categories C with FPdim(C) = 2 (mod 4) of rank up to 46 are pointed. We
then provide general results about the classification of modular categories, which could lead
to a better understanding of the odd-dimensional ones. Lastly, we provide two algorithms
and the code for computing Frobenius-Perron dimensions of simple objects in a modular

category of dimension not divisible by 4.
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1. INTRODUCTION

We study modular tensor categories (MTCs), which have several applications in both,
mathematics and physics. For example, in terms of topological quantum field theory
(TQFT), MTCs help understand invariants of closed oriented 3-manifolds as well as generate
3-dimensional TQFTs [T]. In [BK], it was shown that the ideas of MTCs, 3-dimensional
TQFTs, and 2-dimensional modular functors are equivalent; thus, classifying MTCs can
lead to classification of seemingly unrelated concepts. As stated in [R], anyons, topologi-
cal quantum fields behaving as finite energy particle-like excitations in topological fields of
matter, can be modelled by modular categories. In fact, modular data provides a tool for
distinguishing anyon models from each other. Thus, MTCs provide insight into other areas
of mathematics and physics.

Formally, an MTC is a fusion category satisfying additional properties. In particular,
they have additional braiding and ribbon structures satisfying a non-degeneracy condition
for the braiding, see [ENO1, TJ.

Example 1.1. The category of representations of a quantum double of a finite group G is
an MTC; in particular, this is equivalent to the category of G-equivariant vector bundles
on G [BK, Chapter 3].

It was shown in [BNRW1] that there are finitely many (up to equivalence) MTCs of a
fixed rank, i.e. number of simple objects. Thus, a natural question is to classify MTCs
with a given rank, and many efforts have been made in this direction, see for example
[BNRW2, BR, CGP, CP, HR, RSW]|. An important class of MTCs are the integral ones, that
is, those in which all simple objects have integral Frobenius-Perron dimension, since they
are in correspondence with the categories of representations of modular finite-dimensional
semisimple quasi-Hopf algebras. Recently, a classification of integral MTCs up to rank 12
was reported in [ABPP], and of odd-dimensional ones up to rank 23 in [BR, CP, CGP].

This paper is dedicated to the study of MTCs with Frobenius-Perron dimension congruent
to 2 modulo 4, which are known to be integral by [DN, Corollary 3.2]. They have a special
advantage in regards to classification: it has been proven that they cannot be perfect [BP,
Corollary 10.11], that is, they have at least one non-trivial invertible object. Moreover, the
square of the Frobenius-Perron dimension of any simple object divides the Frobenius-Perron
dimension of the category [EG, Lemma 1.2], and thus the Frobenius-Perron dimensions of all
simple objects must be odd. This naturally raises the question of how MTCs of dimension
congruent to 2 modulo 4 and odd-dimensional MTCs are related, and this paper shows
that all MTCs of dimension congruent to 2 modulo 4 can be classified in terms of the

odd-dimensional ones.
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In order to further classify odd-dimensional MTCs of a fixed rank, this paper adapted and
produced several techniques for the classification of MTCs, which can be found in Section
4.

The following is our main result, which will be proven in Section 3. To prove this, we
will first prove that the claim holds when |G(C)| is even, and use this result as well as
equivariantization results to show that |G(C)| cannot be odd.

Theorem 3.9. Let C be an MTC with FPdim(C) = 2 (mod 4). Then, C = C X semion,
where C is an odd-dimensional modular category and semion is the rank 2 pointed modular

category.

It has been proven that MTCs with dimension congruent to 2 modulo 4 up to rank 10
are pointed [ABPP, Theorem 1.2]. Pointed MTCs are those in which all simple objects
have Frobenius-Perron dimension equal to 1, and they are classified by pairs (G, q), where
G is a finite abelian group, and ¢ : G — k* is a non-degenerate quadratic form on G,
see [EGNO, Example 8.13.5]. As a corollary of the above theorem, we extend the result of
[ABPP, Theorem 1.2] to MTCs of dimension congruent to 2 modulo 4 of rank upto 46.

The road map of the paper is as follows. A brief introduction to fusion and modular
categories is given in Section 2. In Section 3, we first provide basic results on MTCs
of dimension congruent to 2 modulo 4, and later prove Theorem 3.9 by using modular
subcategories and equivariantization results. Then, in Section 4, we present some general
results useful for the classification of MTCs. In Section 5, we deduce the relationship
of solvability between MTCs of dimension congruent to 2 modulo 4 and those with odd
dimension. Next, in Section 6, we provide our algorithms for computing the dimensions of
particular simple objects in an MTC of dimension not divisible by 4 and in Section 7, we
provide our plans for future work.

2. PRELIMINARIES

We work over an algebraically closed field k of characteristic zero. We let Vec be the
category of finite dimensional vector spaces over k, and Rep(G) be the category of finite
dimensional representations of a finite group G. We refer the reader to [ENO1, EGNO] for

the notions of tensor and fusion categories used throughout.

2.1. Fusion categories. A fusion category C is a semisimple rigid tensor category over k
with finitely many isomorphism classes of simple objects. We let 1 be its identity object,
and O(C) be the set of isomorphism classes of simple objects in C, so that rank(C) = |O(C)|.

For an object X € C, let X* € C denote its dual. We say X is self-dual if X = X%,
and non-self-dual if X 2 X*. We say a category C is maximally-non-self-dual (MNSD) if
X 22 X* for all simple X 221 in C.
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A braiding on a fusion category C is a natural isomorphism
CX’y:X(XJYi)Y@X,

for all X,Y € C, satisfying the so-called hexagonal diagrams, see [EGNO, Definition 8.1.1].
We will say that C is braided if it is equipped with a braiding.

2.1.1. Frobenius-Perron dimension. Let C be a fusion category. We denote by K(C) its
Grothendieck ring, see e.g. [EGNO, Section 4.5]. For X in C, we will denote its class X
in K(C) with the same notation. There is a unique ring homomorphism FPdim : £(C) —
R, called Frobenius-Perron dimension, such that FPdim(X) > 1 for any object X # 0,
see [EGNO, Proposition 3.3.4]. The Frobenius-Perron dimension FPdim(C) of C is defined
by

FPdim(C) := > FPdim(X)>.
XeO(C)
If FPdim(C) is an integer, we have that C is weakly integral. Similarly, if FPdim(X) is

an integer for all simple objects X, then C is integral.

2.1.2. Pointed fusion categories. Let C be a fusion category. An object X in C is said
to be invertible if its evaluation X* ® X — 1 and coevaluation 1 — X ® X* maps are
isomorphisms, see [EGNO, Definition 2.10.1]. Equivalently, an object X is invertible if
FPdim(X) = 1.

A fusion category C is pointed if all simple objects in C are invertible. It is well known that
any pointed fusion category C is equivalent to the category of finite dimensional G-graded
vector spaces Vecg, where G is a finite group and w is a 3-cocycle on G with coefficients in
k* codifying the associativity constraint.

We denote the group of isomorphism classes of invertible objects of C by G(C). The
largest pointed subcategory of C will be written as Cpy.

2.1.3. The universal grading. Let G be a finite group. A G-grading on a fusion category C

c=@apc,.

geG
such that ® : Cy x Cp, — Cyp, 1 € Ce, and the dualizing functor maps C, to Cy-1, refer
to [EGNO, Section 4.14]. Such grading is said to be faithful if C, # 0 for all g € G. It was

shown in [ENO1, Proposition 8.20] that for a faithful grading all the components C, have

is a decomposition

the same Frobenius-Perron dimension, and so
FPdim(C) = |G| FPdim(C.).
By [GN], any fusion category C admits a canonical faithful grading C = € C,, called

geu(C)
the universal grading. Its trivial component coincides with the adjoint subcategory C.q of C,
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defined as the fusion subcategory generated by X ® X* for all X € O(C). If C is equipped
with a braiding, then U(C) is abelian. Moreover, if C is modular then ¢(C) is isomorphic to
G(C) [GN, Theorem 6.3].

2.1.4. Solvable fusion categories. A fusion category C is solvable if it is Morita equivalent
to a cyclically nilpotent fusion category, see [ENO2]. The class of solvable fusion categories
is closed under the Deligne tensor product, Drinfeld centers, fusion subcategories, and

extension and equivariantization by solvable groups, see [ENO2, Propositions 4.1 and 4.5].

2.2. Modular tensor categories. Let C be a braided fusion category. A pivotal structure
on C is a natural isomorphism ¢ : Id = (—)**, i.e., an isomorphism between the double dual
and identity functors, see [BW, EGNO]. With a pivotal structure we can define the left and
right trace of a morphism X — X see e.g. [EGNO, Section 4.7]. If, for any such morphism
its left trace equals its right trace, then the pivotal structure is called spherical. A pre-
modular tensor category is a braided fusion category equipped with a spherical structure.

Equivalently, a pre-modular category is a braided fusion category endowed with a com-
patible ribbon structure. Let C have braiding oxy : X ® Y 5 Y @ X. A ribbon structure
on C is a natural isomorphism fx : X S Xforall X eC , satisfying

(1) Oxgy = (0x ®by) ooy xooxy,

and (fx)* = 0x- for all X, Y € C.

Let C be a premodular tensor category, with braiding cxy : X ® Y = Y ® X. The
S-matriz S of C is defined by S := (SX7Y)X,Y6(9(C)7 where sxy is the trace of cy xcxy :
X®Y - X®Y. If Cis a premodular tensor category, it is said to be modular if its
S-matrix is non-degenerate, i.e. invertible.

In this work, we require the terms “premodular tensor category” and “modular tensor
category” to be fusion categories, so they must imply semisimplicity. This is a slight abuse
of terminology, which we adopt to be consistent with prior papers. Also, the term “modular

category” is equivalent to a “modular tensor category” as we defined in this paper.

2.2.1. Centralizers. Let C be a braided fusion category with braiding cxy : X®Y S YeX,
and let K be a fusion subcategory of C. The Miiger centralizer of IC is the fusion subcategory
K’ of C consisting of all objects Y in C such that

(2) Cy,x OCX)y = idX®y, for all X € K,

see [EGNO, Definition 8.20.1].

A symmetric fusion category C is called Tannakian if it is equivalent as a braided fusion
category to the category Rep(G) for some finite group G with braiding given by the usual
flip of vector spaces. It is also known that all odd-dimensional symmetric fusion categories
are Tannakian [DGNO1, Corollary 2.50].
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We say a fusion subcategory D of C is a modular subcategory if and only if DND’ = Vec.
So, D is modular if and only if D’ = Vec.

Remark 2.1. [CP, Remark 2.2] If C is a braided fusion category, then (Caq)pt is symmetric.

2.2.2. Equivariantization and de-equivariantization. Let C be a fusion category with an ac-
tion of a finite group G, see [EGNO, Definition 4.15.1]. Following [EGNO, Section 2.7], one
can construct a fusion category C¢ of G-equivariant objects in C, called the equivariantiza-
tion of C by G. If the action of G on C is braided, see [EGNO, Definition 8.23.6], then C¢
is also braided. Moreover, Rep(G) is identified with a Tannakian subcategory of C¢ via the
canonical embedding Rep(G) — C%.

On the other hand, suppose that C is a braided fusion category with a Tannakian sub-
category Rep(G). Then, the de-equivariantization Cg of C with respect to Rep(G) is an
important category rooting from Rep(G), see [EGNO, Theorem 8.23.3] for the construction.
The category C¢ is a braided fusion category. Also, we have an equivalence of braided fusion
categories C = (Cg)¢.

Note that dimensions are well-behaved under equivariantization and de-equivariantization,
see [DGNO1, Proposition 4.26]. In fact, we have FPdim(C%) = |G| - FPdim(C) and
FPdim(Cg) = %l - FPdim(C).

Let C be an MTC such that (Caq)pt is odd-dimensional. By [CP, Remark 2.2], (Caq)pt is
symmetric and thus Tannakian [DGNO1, Corollary 2.50]. So, (Cad)pt = Rep(G) for some
finite group G, and by [ENO2, Remark 2.3], the de-equivariantization (C,q)¢c is modular.

3. MTCs OF DIMENSION CONGRUENT TO 2 MODULO 4

In this section, we prove the main result of our paper, namely that all MTCs of dimension
congruent to 2 modulo 4 decompose as DX Vecy, where w is a 3-cocycle on Zg and D is an
odd-dimensional MTC. We first prove that this holds for when |G(C)| is even, and later use
this result as well as properties of equivariantization to prove that |G(C)| cannot be odd.
As a corollary of this result, we deduce that all MTCs of dimension congruent to 2 modulo

4 of rank up to 46 are pointed.

Lemma 3.1. Let C be an MTC with FPdim(C) = 2 (mod 4). Then, exactly one of the
following hold.

(1) 1G(C)| =2 (mod 4) and FPdim(Caq) is odd, or
(2) 1G(C)| is odd and FPdim(Caq) = 2 (mod 4).

Proof. The statement follows from taking equivalence modulo 4 on the equality FPdim(C) =
G(C)| FPdim(Caq).- O

Corollary 3.2. Let C be an MTC with FPdim(C) = 2 (mod 4). Then G(Caq) has odd order.
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Proof. From Lemma 3.1, |G(C)| is either odd or congruent to 2 modulo 4. If the former
is true, the statement follows trivially. In the latter case, we have that FPdim(C,q) must
be odd from Lemma 3.1. So, since |G(C,q)| divides FPdim(C,q), we have that |G(Caq)| is
odd. O

Lemma 3.3. Let C be an MTC with FPdim(C) = 2 (mod 4) such that G(C) = Zs. Then
Caq is an odd-dimensional MTC and we have a decomposition C = Cyq X Vecy, where w is

a 3-cocycle on Zo.

Proof. By Corollary 3.2, G(Caq) is an odd order subgroup of G(C) = Zz, and so it must be
trivial. By the proof of [CP, Lemma 5.2], this implies that C,q and Cp are modular, and
we have the factorization C = Cyq K Cpt = Caq W Vecy, where w is a 3-cocycle on Zy. Lastly,
by Lemma 3.1, C,q is odd-dimensional. ]

Remark 3.4. Let C be an MTC of dimension congruent to 2 modulo 4. If |G(C)| is even,
then notice from Lemma 3.1 that |G(C)| =2 (mod 4). So, we must have that G(C) = Zox G
for an odd-order abelian group G, which implies that G(C) has exactly one invertible of order
2.

Lemma 3.5. Let C be an MTC with FPdim(C) = 2 (mod 4). Suppose that |G(C)| is even
and let f be the invertible of order 2 in C. Then, exactly one of the following hold.

e The fusion subcategory C[f] is modular, or

e The fusion subcategory C[f] is equivalent to sVec and f is a fermion.

Proof. Consider the fusion subcategory C[f]. If C[f] N C[f] = Vec, then C[f] be modular
and the claim holds in this case.

On the other hand, suppose C[f] N C[f]’ is non-trivial. Then, since the order of f is 2,
we have that C[f]NC[f]' = C[f]. Thus, C[f] is a symmetric subcategory of C. Suppose first
that C[f] is Tannakian and is equivalent to Rep(Zsy). Then, from [N2, Section 4], we would
have that |G|? = 4 divides FPdim(C), which is not possible. So, C[f] must be equivalent to
sVec, and we then have that f is a fermion [BGHNPRW, Definition 2.1]. So, the lemma is
proven. ]

Recall that if |G(C)| = 2, then C[f] is modular, see Lemma 3.3. This is also the case
in the more general setting when the group of invertibles has even order. In the following
proposition, we show that when the group of invertibles has even order, the category can

always be determined in terms of an odd-dimensional modular category.

Proposition 3.6. Let C be an MTC with FPdim(C) = 2 (mod 4). If |G(C)| is even, then
the pointed subcategory of rank 2 is a modular subcategory of C. In this case, we have that
C = C K semion, where C is an odd-dimensional modular category and the semion is a rank

2 pointed modular category.
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Proof. Consider first when |G(C)| = 2. Then, by Lemma 3.3, we have that C = Cpq X Cpy,
with Cp¢ a rank 2 pointed modular category, that is, Cp = semion. Moreover, C,q is an
odd-dimensional modular category in this case.

Now, consider when |G(C)| > 2. From Lemma 3.5, since |G(C)| > 2, there is an invertible
f of order 2 and C[f] is either modular or equivalent to sVec. If it is modular, then the
claim holds so suppose the latter.

From [BGHNPRW, Proposition 2.4], f is a fermion, and there is a faithful Zs-grading of
C = Cy @ Cq such that a simple object X € Cy if ex =1 and X € C; if ex = —1. For the
definition of ex, see  BGHNPRW, Proposition 2.3(ii)].

Suppose first that C; contains at least one invertible object h. In a similar argument as
in [CGP, Proposition 3.17], we have that Cyp and C; contain the same number of invertibles.
Let the order of h € C; be n. Then, we have that h"™ € Cy. Notice that this implies that n
must be even, which follows a similar argument than the one in the proof of [N1, Theorem
4.1(i)]. Therefore, the order of all invertibles in C; must be even. Since Cy and C; have
the same number of invertible objects, all invertible objects of even order should be in
Ci. However, from [BGHNPRW, Proposition 2.3(ii)], we have that f € Cy, and so, this is
impossible.

We then have that all invertible objects are in Cy, and that e, = 1 for all invertible objects
hin C. So, from [BGHNPRW, Proposition 2.3(ii)], we have that

Sfh = €p FPdim(h) =1

for all invertibles h € C.
Thus, from [M, Proposition 2.5], f € (Cpt)’ = Caq [GN, Corollary 6.9]. However, recall
from Lemma 3.2 that |G(C,q)| has odd order. Thus, a contradiction is derived in this case

and the theorem is proven. ]

We will now use this proposition to prove a result about the parity of the number of

invertibles in (Cada)g(c,q)-

Proposition 3.7. Let C be an MTC with FPdim(C) = 2 (mod 4), and suppose that
(Cad)pt = Rep(G) for a non-trivial odd-order group G. Then, (Caq)g contains an odd

number of invertibles.

Proof. If C,q is odd-dimensional, the claim immediately follows. So, suppose that C,q has
dimension congruent to 2 modulo 4. Then, (Caq)g is an MTC of dimension congruent to
2 modulo 4, as well. For the sake of contradiction, suppose there are an even number
of invertibles in D := (Caq)g. In particular, we have that |G(D)| = 2 (mod 4). Thus,
D has exactly one invertible h of order 2. Moreover, it follows from Theorem 3.6 that
D = Vecy, XD where w is a 3-cocycle on Zy and D is an odd-dimensional MTC. Notice
that the action of G on Vec7, is trivial on the objects (and morphisms) since the order of
G is odd.
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Now, we can consider the exact sequence given in [BN, Remark 3.1] that describes the

invertibles in the G-equivariantization. Then, the exact sequence in this case is given by
155G — G(Caq) = Go(D) — 1,

where G and Go(D) are defined as in [BN, Remark 3.1]. Furthermore, since G = G(Caq)
is abelian and the sequence above is exact, it follows that Go(D) should be trivial, which

contradicts that the action of G on the semion is trivial. O

Finally, to show that |G(C)| must be even for C an MTC of dimension congruent to 2

modulo 4, we can use an induction argument.
Proposition 3.8. Let C be an MTC with FPdim(C) =2 (mod 4). Then |G(C)| is even.

Proof. Suppose, for the sake of contradiction, that there is an MTC with an odd number of
invertibles, and let C be such an MTC of the smallest dimension. Notice that C must have
dimension greater than 2 because if not, then C would be pointed, which would imply that
|G(C)] is even. So, we must have that FPdim(C) > 6.

If |G(Caa)| = 1, then recall by the proof of [CP, Lemma 5.2] that C,q is an MTC and we
have a factorization C = C,q X Cpy. By assumption, Cp; is odd-dimensional, and so Caq is
an MTC of dimension congruent to 2 modulo 4. This contradicts that |G(Caq)| = 1, since
MTCs of dimension congruent to 2 modulo 4 have at least one non-trivial invertible object,
see [BP, Corollary 10.11].

Hence, we should have that |G(C.q)| > 1. Consider the de-equivariantization of C,q by
G := G(Cyq). Since |G(C)| is odd, we must have that FPdim(C,q) = 2 (mod 4) from
Lemma 3.1. Notice that (Caq)g is an MTC with FPdim((Caq)a) = 2 (mod 4), and since
G is not trivial, we get that FPdim((Caq)c) < FPdim(C). Again, since by assumption C is
an MTC of the smallest dimension with |G(C)| odd, (Caq)¢ must have an even number of
invertibles, but this is not possible from Proposition 3.7.

So, neither cases are possible, and the proposition is proven. ]

From the previous results, we immediately obtain a classification of all MTCs of dimension

congruent to 2 modulo 4 in terms of the odd-dimensional ones.

Theorem 3.9. Let C be an MTC with FPdim(C) = 2 (mod 4). Then, C = C~®Vec%2, where

C is an odd-dimensional MTC and w is a 3-cocycle on Zs.

Proof. From Proposition 3.8, we must have that |G(C)| is even, and the claim follows directly

from Proposition 3.6. (|

Corollary 3.10. Let C be an MTC of dimension congruent to 2 modulo 4. If rank(C) < 46,
then C is pointed.
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Proof. Since C has dimension congruent to 2 modulo 4, it factorizes as D X Vecz, for D an
odd-dimensional MTC and w a 3-cocycle on Zy. Since rank(D) < 23, it must be pointed
[BR, CGP, CPJ, and so, the claim follows. O

4. GENERAL RESULTS FOR CLASSIFICATION

In this section, we present several results for MTCs that could be used for the classification
of odd-dimensional MTCs, which would lead to the classification of MTCs of dimension
congruent to 2 modulo 4, see Section 3. For the rest of this section, for an MTC C consider

its universal grading C = P ©) Cy, see Section 2.1.3.

geu
The following proof resembles that of [CP, Proposition 5.6].

Lemma 4.1. Let C be an MTC such that Cpy C Caq and |G(C)| is odd. Let p be the smallest
prime dwisor of G(C). Then, rank(Cy) > p for all non-trivial g.

Proof. Let X be a simple object in C fixed by the action of G(C). Since Cpy C Caq and
(Caa)” = Cpt [GN, Corollary 6.9], we have that Cp is symmetric, and so, since |G(C)| is
odd, from [DGNO2, Corollary 2.7] we have that §, = 1 for all g € G(C). By the balancing
equation, see [EGNO, Proposition 8.13.8], we get

s9.x = 0, 105'0x FPdim(X) = FPdim(X) = FPdim(X) FPdim(g)

for all invertibles g. It follows from [M, Proposition 2.5] that X € C,q. Now, consider a non-
trivial component C4. Since no simple objects are fixed by the action of left multiplication
by G(C) on C,4, there must be an orbit of size at least p, the smallest prime divisor of |G(C)|.
Thus, rank(Cy) > p, and the lemma is proven. O

Corollary 4.2. Let C be an MTC such that Cpy € Caq and |G(C)| > 1 is odd. Let p be the

smallest prime divisor of G(C). Then, p < rfgn(kc()ﬁ)

Proof. From Lemma 4.1, rank(Cy) > p for all non-trivial g. Also, since Cpy C Caq, we have
that rank(C.q) > p, as well, and the result follows. O

Remark 4.3. Let C be an MTC. If C; C Cp; for all g # 1, then C is pointed.

Proof. Since there are |G(C)| non-empty components and the unit is in C,q, all non-trivial
components must contain exactly one invertible object. Thus, all components have dimen-

sion 1, and C must be pointed. O

4.1. Integral MTCs. In this subsection, we present results for integral MTCs. In partic-
ular, we focus on properties regarding the size of the group of invertibles.

Lemma 4.4. Let C be an integral non-pointed MTC. Then,
2rank(C) “

)< | =5
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Proof. Assume, for the sake of contradiction, that |G(C)| > Pr%k(c)w Let g1,92,...,q be

all the elements of G(C) such that Cg,, ..., C,4, have exactly 1 simple object. Notice that these
objects must be non-invertible; otherwise FPdim(C,) = 1 for all g € G(C), contradicting
that C is not pointed. Thus, | < rank(C) — |G(C)|.

We will now show that there is another component that has exactly one simple object,

leading to a contradiction. Since C is not pointed, |G(C)| < rank(C). Also, since |G(C)| >
’72rank(C)
3

-|, we have
2rank(C) < 3|G(C)].
It follows that
rank(C) < 3|G(C)| — rank(C) = 2|G(C)| — (rank(C) — |G(C)|).
So, for all integers k in [0, rank(C) — |G(C)|], we obtain that

|G(C)| — k < rank(C) — k < 2|G(C)| — 2k.

Since by assumption G(C) > P2€) e have that |G(C)| — k > 2|G(C)| — rank(C) must be

positive. So, we obtain

rank(C) — k
(3) l<— 27— <2
G(C)| -k
Since [ is between 0 and rank(C) — |G(C)| (inclusive), we obtain that
rank(C) —{
1< ——7— <2
G(C)] -1
If each of the remaining components had at least two objects, then % would be

greater than or equal to 2. So, at least one remaining component must have exactly one

simple object, contradicting that C,,...C, were the only such components. O

Lemma 4.5. Let C be a non-pointed integral MTC. Then every odd prime p dividing |G(Caq)]

satisfies
o< rfmk(C)Q— 51

Proof. From [CP, Lemma 5.1] it follows that that
rank(C) = rank(Caq) +|9(C)| +p—2 = 2p +|9(C)| - 2,
and so

(4) p< rank(c); EICI

Note that the equality in the equation above is only possible when rank(C,q) = p, that
is, when C,q is pointed. But in such case C is nilpotent, and so from [GN, Corollary 5.3]
we know that FPdim(X)? divides FPdim(Cnq) = p for all simple objects X in C. This
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then implies that FPdim(X) = 1 for all simple X € C, which is a contradiction since C is

non-pointed. Hence, the inequality in Equation 4 is strict and the result follows. O
Lemma 4.6. Let C be an integral MTC such that G(Caq) = 7Zy, for a prime p. Then,

. 9rank(C) — 8|G(C)|
FPdim((Cad)z,) > VIGO0 :

Proof. Since all non-invertible objects in C have dimension at least 3,

FPdim(C) > |G(C)| + 9(rank(C) — |G(C)|) = 9rank(C) — 8|G(C).

The lemma follows since FPdim((Caq)z,) = chgéggc‘) O

Remark 4.7. Let C be an integral non-pointed MTC and suppose that rank(C,) = FPdim(Cy)
for some g € G(C). Then, rank(C,) > 9.

Proof. Since C is non-pointed, it must have at least one non-invertible object X € Cj. Hence
rank(Cy) = FPdim(C,) = FPdim(C;) > FPdim(X)? = 9, as desired. O

Lemma 4.8. Let C be an integral MTC. Suppose that |G(Caq)| = p for an odd prime p, and
that there exists a non-invertible simple object X € C such that FPdim(C,q) = | FPdim(X)?
for some integer | not divisible by p. Then, at least p non-invertible simple objects in Caq
are not fized by the action of left multiplication by G(Cyq).

Proof. Since G(Caq) = Z,, the orbits of its action by left multiplication on C,q are either
trivial or of size p. Assume, for the sake of contradiction, that the orbits of all non-invertible
simple objects are trivial. That is, all non-invertible simple objects are fixed by the action,
and thus have Frobenius-Perron dimension divisible by p. Then,

[FPdim(X)? = FPdim(Coq) =p (mod p?),

and thus there is a non-negative integer m for which [ FPdim(X)? = p?>m +p = p(pm +
1). Since I is not divisible by p, FPdim(X)? must be divisible by p?, which leads to a

contradiction in the congruence above. O

For a simple object X in C, let mx be the integer such that
(5) FPdim(C) = mx FPdim(X)?.

Lemma 4.9. Let C be an integral MTC such that |G(C)| = |G(Caq)| = p for an odd prime
p. Then there exists a non-invertible simple object X € C such that FPdim(X)? divides
FPdim(C,gq).

Proof. Suppose, for the sake of contradiction, that for all X € O(C), FPdim(X)? does not
divide FPdim(C,q). Let X € O(C) and let mx be as in Equation (5). Then FPdim(C,q) =

%&n‘(){)? and since FPdim(X) does not divide FPdim(C,q), we must have that p =
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|G(C)| divides FPdim(X). Since this is true for all X € O(C), we have that

FPdim(C) = |G(C)|+ Y FPdim(X)*=p (mod p?).

XeO(C)
Xg6(C)

But FPdim(X)? divides FPdim(C), so FPdim(C) = 0 (mod p?), a contradiction. O
Corollary 4.10. Let C be an integral non-pointed MTC such that |G(C)| = |G(Caq)| = p for
an odd prime p. Then, FPdim(C,q) is not square-free.

Proof. This is immediate from Lemma 4.9. g

Lemma 4.11. Let C be an integral MTC. Suppose that |G(Caq)| = p for an odd prime p and
that all non-invertible objects in Coq are fized by the action of left multiplication by G(Caq).
Then,

PIG(C)| = mx FPdim(X)?  (mod p*g(C)])

for all simple objects X in C, where mx is as in Equation (5).

Proof. Since all non-invertible objects in C,q are fixed by the action of left multiplication
by G(Caq), they have Frobenius-Perron dimension divisible by p. So FPdim(Caq) = p + p*n
for an integer n > 0, and thus FPdim(C) = |G(C)|(p + p?n). Consider a simple object X in
C. Then
mx FPdim(X)? = FPdim(C) = |G(C)|(p + p*n)
and so
mx FPdim(X)? = |G(C)lp  (mod p*|G(C)]),

as desired. g
4.2. Odd-dimensional MTCs. This subsection focuses on odd-dimensional MTCs, as the

classification of these will lead to the classification of MTCs with dimension congruent to 2

modulo 4.
Lemma 4.12. Let C be an odd-dimensional MTC. Then,
rank(C) = |G(C)|rank(Caq) (mod 16).

Proof. Consider a non-trivial component Cy4. From [CP, Remark 5.5], rank(Cy) = rank(Caq)
(mod 16) or rank(Cy) = rank(Caq) + 8 (mod 16). In either case,

rank(C,) + rank(Cy-1) = 2rank(Caq) (mod 16),
and so

rank(C) = rank(Caq) + Z rank(Cy)
9€4(C).971
rank(Caq) + (| G(C) | — 1) rank(Caq) (mod 16)

|G(C)|rank(Caq) (mod 16),



ON MODULAR CATEGORIES WITH FROBENIUS-PERRON DIMENSION CONGRUENT TO 2 MoOD 4 19
as desired. g
In the following lemmas, let 0 < me < 7 such that
(6) me = |G(C)|rank(C) (mod 8).
Lemma 4.13. Let C be an odd-dimensional MTC. Then, m¢ = rank(C,q) (mod 8).

Proof. From Lemma 4.12, since
rank(C) = |G(C)|rank(Caq) (mod 8),
it follows that
rank(C)|G(C)| = |G(C)|? rank(Caq) (mod 8).

So, since |G(C)| is odd and all odd squares are congruent to 1 modulo 8, we conclude
me = rank(C)|G(C)| = rank(Cnq) (mod 8),

as desired. m

Lemma 4.14. Let C be an odd-dimensional MTC and let p be an odd prime dividing
G(Caa)|- Then,

|G(Caq)| < rank(Caq) < rank(C) +me(3 —|G(C)|) — 2p.

Proof. Recall from [CP, Lemma 5.1(a)] that there exists a non-trivial element h in U4(C) for
which Cj, has at least p non-invertible simple objects of the same dimension. Since G(C) is of
odd order, we have that (C,)* = C,-1 2 Cp, also has at least p non-invertible simple objects

of the same dimension. On the other hand, from Lemma 4.13 we get that m¢ = rank(Caq)
(mod 8), and so [CP, Remark 5.5] implies that rank(Cy) > m¢ for all g in U(C). Thus,

rank(C) > rank(Caq) +me(|G(C)| — 3) + 2p,

and the desired inequality immediately follows.

0

Lemma 4.15. Let C be a non-pointed odd-dimensional MTC. If |G(C)| = p* for an odd

prime p > W and k > 1, then |G(Caq)| = 1.

Proof. Since G(Caq) is a subgroup of G(C), it is either trivial or |G(Caq)| = p’ for 1 < i < k.
Suppose, for the sake of contradiction, that the latter is true. Then, from Lemma 4.14 we
get that

p < rank(Caq) < rank(C) — 2p + 3m¢ — mep” < rank(C) — p(2 + m¢) + 3me.
rank(C)+3m¢ rank(C)+3m¢

3+me 3+mc
W. Then by the inequality above we get that rank(C,q) = p. That is, C,q is pointed

and thus C is nilpotent. From [GN, Corollary 5.3], FPdim(X)? divides FPdim(Cyq) = p for

It follows that p < . Since by assumption p > , we must have p =
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all X € O(C). This implies that FPdim(X) = 1 for all X € O(C), which is a contradiction.
Thus, G(Caq) = 1, as desired. O

4.3. Modular Subcategories. In this subsection, we show the existence of modular sub-

categories for certain types of MTCs.

Theorem 4.16. Let C be an MTC of dimension not divisible by 4. Suppose that |G(C)| is
square-free and that |G(Caq)| < |G(C)|. Then, C contains a modular pointed subcategory of
dimension [G(C) : G(Caa)]-

Proof. Let the distinct prime factors of |G(C)| be p1,p2, ..., pg. If|G(Caq)| = 1, then from the
proof of [CP, Lemma 5.2], Cp¢ is a modular subcategory of C. Then, since FPdim(Cpt) =
[G(C) : G(Caq)], the claim holds in this case. So, suppose that |G(Caq)| > 1, and let the
prime factors of |G(Caq)| be p1,p2,...,p, with I < k (reorder if necessary). From Cauchy’s
theorem, there must be an invertible g; of order p;, fori =1,...,k. Consider g :==g;1...g; €
G(C) and the fusion subcategory

D= Cad D Cg D Cg2 D---D Cgpy“m—l-

Notice that since Coq C D, we have that D' C (Caq) = Cpt [GN, Corollary 6.9]. From [M,
Theorem 3.2], it follows that FPdim(D) = % and then FPdim(D’) = pr41pi4a - - - Dr.
So, from Lagrange’s theorem, all simple objects in D', all of which are invertible, have order
dividing p;11pi+2 - ..px. Then, by Frobenius-Perron dimensions, since p1, po, ..., pg are all
relatively prime, D' NC,q = Vec. Let t be a simple (then invertible) object in DND’. Then
t is the unit or has a non-trivial order dividing p;y1pit2 ... pk. It follows from [N1, Propo-
sition 4.1(i)] that ¢t must be in Caq, but this implies that ¢ is the unit. Thus, D ND’ = Vec,
and so D’ is a modular pointed category of dimension py1pj42...px = [G(C) : G(Caq)], as

desired. O

Proposition 4.17. Let C be an odd-dimensional MTC and suppose that |G(C)| = p? for an
odd prime p and that |G(Caa)| < |G(C)|. If G(C) = Zy X Zy, then C contains a non-trivial
pointed modular subcategory of dimension [G(C) : G(Caq)]-

Proof. If |G(Caa)| = 1, then from the proof of [CP, Lemma 5.2], C = Cyq X Cpy where Cpy is
a modular subcategory of C. Since FPdim(Cp) = [G(C) : G(Caq)], the claim holds in this
case.

So, suppose that |G(Caq)| > 1, and thus, we have that |G(C,q)| = p. Then, from [CGP,
Proposition 3.17], we obtain that exactly p components contain invertible objects. More
precisely, each of them contains p invertibles. Since G(C) = Z,, x Z,,, we have that there are

p + 1 distinct subgroups of order p. Then, there must be a fusion subcategory

D=Clyq®Cy@Cp @B Cpp,
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with G(D) = G(Caq) and g of order p. Since Coq C D, we have that D' C (Cpq) = Cot
[GN, Corollary 6.9]. From [M, Theorem 3.2], it follows that FPdim(D) = de;m(c) and then
FPdim(D’) = p. If DN D’ = Vec, then the claim holds.

So, suppose that DND’ is not trivial, and we have DND’ = D’. So, since by construction,

Cg4i does not contain any invertibles for ¢ = 1,2,...,p — 1, we must have that D' C Cag.
Then, from [EGNO, Theorem 8.21.1(i)], we have that

FPdim(Caq N P') FPdim(D) = FPdim(D N (Caq)’) FPdim(Caq).
Since p = FPdim(Cag N D') = FPAim(G(Caq)) = FPdim(G(D)) = FPdim(D N Cp) =

FPdim(D N (Caa)') [GN, Corollary 6.9] and FPdim(D) = U — ) FPdim(C,g), we

get a contradiction and the proposition is proven. O

5. SOLVABILITY

Feit-Thompson’s Theorem states that groups of odd order are solvable, and it can be
generalized to the case of groups of order not divisible by 4. We will use this result in the
following lemma that generalizes [NP, Proposition 7.1], which is a Feit-Thompson Theorem
for odd-dimensional weakly group-theoretical fusion categories. Our proof is similar to that
of [NP, Proposition 7.1] but we include it for completeness.

Lemma 5.1. Let C be a weakly group-theoretical fusion category with dimension congruent
to 2 modulo 4. Then, C is solvable.

Proof. Since C is a weakly group-theoretical fusion category, C is Morita equivalent to a
nilpotent fusion category. By [ENO2, Proposition 4.5], it is enough to show the claim for
when C is a nilpotent fusion category. Let us now prove the proposition by induction on
FPdim(C).

If FPdim(C) = 2, C is pointed and then solvable. So, suppose that FPdim(C) > 2.
Since C is weakly group-theoretical, it is a G-extension of a weakly group-theoretical fusion

subcategory C; for a non-trivial group G. Therefore,
FPdim(C) = |G|FPdim(C,) with |G| > 1.

If |G| is odd, then FPdim(C;) < FPdim(C) is also congruent to 2 modulo 4 and must be
solvable by the inductive hypothesis. Then C is solvable because it is a G-extension of Cq,
see [ENO2, Proposition 4.5].

If |G| is even, it is congruent to 2 modulo 4. Then FPdim(C;) is odd and C; must be
solvable by [NP, Proposition 7.1]. Since |G| is congruent to 2 modulo 4, from the generalized
Feit-Thompson’s Theorem, G is solvable as well. So, it follows from [ENO2, Proposition
4.5] that C is solvable. U

In particular, a direct consequence of this result is that if C is an MTC with dimension

not divisible by 4 that is an extension of a pointed category then it must be solvable.
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Corollary 5.2. Let C be an MTC of dimension not divisible by 4. If Caq C Cpt, then C is
solvable. So, if C is not solvable, all components containing invertible objects must contain

at least one non-invertible simple object.

Proof. Since C is a G(C)-extension of a pointed category, namely C,q, we have that C is nilpo-
tent. So, by definition, C is weakly group-theoretical and, as a consequence of Lemma 5.1
and [NP, Proposition 7.1], C is solvable. The second comment follows directly from [CGP,
Proposition 3.17]. O

Recall that it was conjectured in [CP, Conjecture 1.2] that any odd-dimensional modular
category is solvable. We conjecture this is true more generally for modular categories with
dimension not divisible by 4 because of the following corollary.

The corollary below follows immediately from Theorem 3.9 and [ENO2, Proposition 4.5].

Corollary 5.3. Odd-dimensional MTCs are solvable if and only if MTCs of dimension

congruent to 2 modulo 4 are solvable.
This then leads us to generalize Conjecture 1.2 in [CP] as the following.

Conjecture 5.4. MTCs of Frobenious-Perron dimension not divisible by 4 are solvable.

6. ALGORITHMS

Let C be an MTC of dimension not divisible by 4. In this section, we will provide 2
different algorithms to compute all possible arrays of Frobenius-Perron dimensions of simple
objects in a component of the universal grading. This could help classify odd-dimesional
MTCs of a fixed rank, which would lead to the classification of MTCs of dimension congruent
to 2 modulo 4 as well, see Section 3.

For the rest of this section, given a component Cy, let I, and N, denote the number of
invertible and non-invertible simple objects in C,, respectively. Also, for a simple object X
let mx be as in Equation (5). The following algorithms are similar to the ones in [BR], in

the sense that they both study types of Egyptian fraction decompositions.

6.1. Algorithm 1. Our first algorithm will compute all possible arrays of dimensions of
simple objects in Cy, given that we know the numbers Ny, I, |G(C)| and mx for some simple
object X € C. Although we rarely know the value of mx for a simple object X which could
make this impractical, this algorithm will be especially useful when we know the ranks of
all the components of the universal grading and one turns out to be significantly smaller
than the rest (e.g. if there is a g for which rank(C,) = 1, then we know that mx = |G(C)|
for the simple object X € Cy).
We will now describe Algorithm 1. We will need the following definition.
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Definition 6.1. A modified Egyptian Fraction decomposition of order p of a fraction 7 is

a set of fractions {n%, 7713’ e @} such that I,r € Z~¢, n; is odd for all 1 <7 < p, and
m 1 n 1 n n n I
n ny nd ”;2;—1 rin2’

We denote such a decomposition as [n1,ng, ..., np—1,7, 1], and assume that n; < ... <n,_;.

Remark 6.2. In the above definition, ged(Z, rzng) is not necessarily 1.

Let C be an MTC and ¢g € G(C). For a simple object X € C let mx be as in Equation
(5)-

Lemma 6.3. Suppose that all simple objects in C have odd Frobenius-Perron dimension,
and that for some X € O(C), mx = s%a for a,s € Zq such that a is square-free. Then, to
find all possible arrays of Frobenius-Perron dimensions of simple objects in Cy it is sufficient
to find all modified Egyptian fraction decompositions of W of order Ny + 1 with r = s
and I = 1I,.

Proof. Let dy,ds, ...,dn, denote the Frobenius-Perron dimensions of the non-invertible sim-
ple objects in Cg4, and dx the Frobenius-Perron dimension of X. Then

FPdim(C) = mxdy = s’ady = |G(C)|(Iy + di + d5 + ...+ dy,),

or equivalentely,

a I d3 d?vg
G(C)|  s2d% * s2d3 e s2d3

Since d?,d3, ..., d%\,g all divide FPdim(C) = m ng( = s2d§(a and a is square-free, we have
that they all divide s?d%. Notice that since FPdim(C) = 2 (mod 4), we must have that
s is odd. Hence, there exist odd integers ni,ng,...,ny, such that 32d§( = nfd? for all
1 <7 < Ngy. So, we get that

a L, 1 1 1
(7) ’g(c)|:%+n—%+n—%+...+ﬁ%,
as desired. O

Lemma 6.4. Let C be an integral MTC. Let X € O(C) and suppose that mx = s%a for
a, s € Zsq such that a is square-free. If we know that FPdim(X) is bounded below by some
b € Zxo, then for any modified Egyptian Fraction decomposition [ny,na,...,nn,,s, 14| of

Gy we have that

G(C)| NglG(C)]
. <ng < bs\/b2a32 — GO,

Proof. We use the same notation as in the proof of Lemma 6.3. Notice that

GO n " 7
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IG(O)]

and so, n1 > 4/ =%, and the lower bound holds. On the other hand, since n; < ... < ny,,
from Equation 7 we can see that
a I N,
< 5%+ 5
IG(O)] — s2d%  n?

Thus, since dx > b, we have that

b®as® — 1y|G(C)| < Ny
GO)ls*b*  ~ ni’

and the upper bound follows after re-arranging this inequality. O

Algorithm 1. The first algorithm consists of the following steps.

o Initialize m = 3, k = Ny, gc = |G(C)|,lc=1, and | = mx.

o Find the largest square divisor s of [. Set d1 = é and d2 = gc, and make d1 and d2
relatively prime if necessary.

o Compute the minimum and maximum values of ny as per Lemma 6.4 with b = m.

e For each possible ny in said range, update lc to be the lcm of the current lem and nq,
update d1 and d2 to be d1n? — d2 and dan? respectively (make d1 and d2 relatively
prime if necessary). Also, update m to be the floor of l;c If the denominator of the
upper bound in Lemma 6.4 is negative with this value of m, then multiply m by the
appropriate odd integer to make it positive. Decrease k by 1.

o Until k = 0, keep performing the last two steps by calling the recursive method again.
Also, when computing the minimum value of n;, take the mazrimum of the one given
in Lemma 6.4 and n;—y (since ny <nz... <ny,).

o When k =0, test whether f = Ibf’dQ is a perfect square. If it is, then check whether

Zil
fs is divisible by lc®. Lastly, check whether any of ni,na, ... ,nN, are equal to \/sf

to avoid more than I, invertible objects.

o Return the solution.

This algorithm computes all modified Egyptian Fraction decompositions of the form
[n1,m2,...,nN,,s, 1] of W, and thus by Lemma 6.3 from this we can get all possible
arrays of Frobenius-Perron dimensions of the simple objects in C,. The code we used to

implement Algorithm 1 can be found in Appendix A.

6.2. Algorithm 2. Our second algorithm will also compute the possible dimensions of
simple objects in a component C4, but in this case we will need to know the numbers
rank(C), Ny, 14, and |G(C)| instead.

The following proof is similar to [CGP, Lemma 3.1].

Lemma 6.5. Let C be an MTC for which all simple objects have odd Frobenius-Perron
dimension, and let X be the simple object of greatest Frobenius-Perron dimension in C,.
Then,
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I
° 19(C)] < mx < Ny + ¢ +1.
e mx = rank(C) (mod 8),
where mx is as in Equation (5).
Proof. Let dy denote the Frobenius-Perron dimension of X, and let do > ds,... > dn, be

the Frobenius-Perron dimensions of the remaining non-invertible simple objects in C,. Since
dy > 3, we have

9

and so, the upper bound follows. The lower bound immediately follows from the above

I
mxd? = GOy + &+ ..+ ) < 16|y + Nyd?) < 1(C)] (Ng il 1) &,

equation as well. Notice also that
mx = mxd; = FPdim(C) = rank(C) (mod 8),
and so, the congruence follows as well. O

Algorithm 2. Our second algorithm consists of the following steps.

e From Lemma 6.5, compute the minimum and mazimum value for mx = ¢ where X
is the simple object of greatest dimension in Cg.

e For each value of i, find the largest square divisor s of i, and initialize d1 = i — g,
and d2 = g.s. Make d1 and d2 relatively prime if necessary. Initialize k to be Nyg—1.

o Use Algorithm 1 to find the possible solutions for this particular value of i.

o Return the solution.

This algorithm is a generalization of the previous one: we are finding the minimum and

maximum value of my, fixing the value in each case, and then using Algorithm 1.

7. FUTURE WORK

We are working on a proof of Proposition 3.7 using irreducible projective representations,
as it will provide a completely different viewpoint on why the claim holds.
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APPENDIX A. CODE

We present here our code for Algorithms 1 and 2. They were coded in C++. Because of
the maximum value of a long long int in C++ and the exponential growth of the number of
solutions as the rank increases, this code is unable to compute dimensions of simple objects

in components of large rank.

LisTiNG 1. Code for Algorithm 1

#include <algorithm>

#include <iostream>

#include <algorithm>

#include <random>

#include <cmath>

using namespace std;

static int c¢c = 0;

static int b = 0;

vector<vector<long long int> > v;
long long int square_d( long long int n)

{

long long int d = 1;

for (int i = 3; i <= sqrt(m); i = i+2)

{
while ((n % (ixi)) == 0)
{
d =d *x i * i;
n = n/(i*i);
}
}
return d;
}
bool isPrime(long long int n)
{
if (n <= 1)
return false;
if (n % 2 == 0)
return false;
for (int i = 3; i * i <= n; i += 2)
if (n % i == 0)
return false;
return true;
}
bool isSquare(long long int n)
{

if (square_d(n) == n)
return true;

return false;
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}
long long int gcd(long long int a, long long int b)
{
if (b == 0)
return a;
return gcd(b, fmod(a,b));
}
long long int lcm( long long int a, long long int b)
{
return a*b/gcd(a,b);
}
void possible_solution( vector<long long int> sol, long long int lc,
long int s, long long int d1, long long int d2, long long int k,
long int g, long long int m)
{
if (k == 0)
{
int d = 0;
if (((gxd2) % (s*xd1)) == 0)
{
long long int f = g*d2/(s*d1l);
if (isSquare(f) && (((s*f) % (lcx*lc)) == 0))
{
sol.push_back(sqrt(f));
for (int i = 0; i < sol.size(); i++)
if (sol.at(i) == sqrt(s*f))
d++;
if ((s == 1 & d == 1) || (s != 1 && d == 0))
{
int e = 0;
for (int i = sol.size() - 2; i >= 0; i--)
{
sol[i] = sol.at(sol.size() - 1)*sqrt(s)/(sol.at(i);
}
sort (sol.begin(), sol.end());
for (int i = 0; i < c; i++)
{
if (sol == v[il)
e++;
}
if (e == 0)
{
c++;
for (int i = 0; i < sol.size(); i++)
{

cout << sol.at(i) << " ";

long
long
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cout << endl;

v.push_back(sol);

}
}
}
}
}
else
{
long long int mij;
if (sol.size() == 0)

mi = sqrt(d2/d1) + 1;
else
mi = std::max((long long int)(sqrt(d2/d1) + 1), (sol.at(sol.size()
D)
double ml1 = ((double) 1lc/(double) sqrt(s));
m = floor(ml);
if (m % 2 == 0)
m += 1;
double d = m*m*dl*s - d2x*g;
if (d <= 0)
{
long long int st = sqrt(d2xg/(dilx*s)) + 1;
long long int 1 = floor(st/m) + 1;
if (1 % 2 == 0)
1 += 1;
m *= (long long int) 1;
d = m*mxdl*s - d2x*g;
}
double maxx = sqrt((double) m*m*sxk*d2/(double) d) + 2;
if (mi % 2 == 0)
mi += 1;
for (long long int i = mi; i <= maxx; i +=2)
{
sol.push_back(i);
long long int w = lc;
lc = lcm(lc, i);
long long int k1 = dixixi - d2;
long long int k2 = d2x*ix*i;
long long int gc = gcd(kl, k2);
long long int 11 = k1/gc;
long long int 12 = k2/gc;
possible_solution(sol, lc, s, 11, 12, k-1, g, m);
sol.pop_back();

lc = w;
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}
int main ()

{

vector< long long int> sol;

long long int 1lc

long long int m

long 1long
long 1long
long 1long
long 1long

int
int
int

int

1,
gc
d1
d2

g

1;

3;

c, k, g;

gcd(g_c, 1/square_d(1l));
1/(square_d (1) *gc);
g_c/gc;

possible_solution(sol, lc, square_d(l), di, 42,

k, g,

m) ;

LisTiNG 2. Code for Algorithm 2

#include <iostream>

#include <algorithm>

#include <random>

#include <gmp.h>

#include <cmath>

using namespace std;

static int c = 0;

static int b = 0;

vector<vector<long long int> > v;

long long int square_d( long long int n)
{

long long int d = 1;
for (int i = 3; i <= sqrt(m); i = i+2)
{

while ((n % (i*i)) == 0)
{
d =d * i * i;
n = n/(i*i);
}
}
return d;
}
bool isSquare( long long int n)
{
long long int s = sqrt(m);
return (s * s == n);
}

long long int gcd( long long int a, long long
{
if (b == 0)

return a;

int b)
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return gcd(b, a%b);
}

long long int lcm( long long int a,
{

return a*b/gcd(a,b);

long long int b)

30

long long
long long int g,

}
void possible_solution( vector<long long int> sol, long long int lc,
int s, long long int di1, long long int d2, long long int k,
long long int m)
{
if (k == 0)
{
int d = 0;
if (((g*xd2) % (s*xd1)) == 0)
{
long long int f = g*xd2/(s*d1l);
if (isSquare(f) && (((s*xf) % (lcxlc)) == 0))
{
sol.push_back(sqrt(f));
for (int i = 0; i < sol.size(); i++)
if (sol.at(i) == sqrt(sx*f))
d++;
if ((s == 1 && d == 1) || (s !'= 1 && d == 0))
{
int e = 0;
for (int i = sol.size() - 2; i >= 0; i--)
{
sol[i] = sol.at(sol.size() - 1)*sqrt(s)/(sol.at(i);
}
sort (sol.begin(), sol.end());
for (int i = 0; i < c; i++)
{
if (sol == v[il)
e++;
}
if (e == 0)
{
ct++;
for (int i = 0; i < sol.size(); i++)
{
cout << sol.at(i) << " ";
}
cout << endl;
v.push_back(sol);
}
}
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else
{
long long int mi;

if (sol.size() 0)

mi =

std:
)
double ml =
m = floor(ml);
if (m % 2 ==
m += 1;
double d =
if (4 <= 0)
{
long long int st =

0)

long long int 1 =
if (1 % 2
1 += 1;

m k=

:max ((long long int) (sqrt(d2/d1) + 1),

sqrt (d2/d1) + 1;

(sol.at(sol.size ()

((double) 1lc/(double) sqrt(s));

m*m*dl*s - d2x*g;

sqrt (d2xg/(dix*s)) + 1;
floor(st/m) + 1;
0)

(long long int) 1;

d = m*m*dl*s - d2x*g;
}
double maxx = sqrt((double) m*m*s*xk*d2/(double) d) + 2;
if (mi % 2 == 0)
mi += 1;
for (long long int i = mi; i <= maxx; i +=2)
{
sol.push_back(i);
long long int w = lc;
lc = lcm(lc, i);
long long int k1 = dilx*i*i - d2;
long long int k2 = d2*ixi;
long long int gc = gcd(kl, k2);
long long int 11 = k1/gc;
long long int 12 = k2/gc;
possible_solution(sol, lc, s, 11, 12, k-1, g, m);
sol.pop_back();
lc = w;
}
}
}

119 int main()

120 |
121
122

vector< long long int> sol;

long long int lc = 1;
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double ma

for (int i
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int m = 3;

int k, g, g_c, rank;

int mod = fmod(rank, 8);
= g_cx(k + g/9.0) + 1;

= mod; i <= ma; i += 8)

> 0)

long long int dl = i - g_c;

long long int d2 = g_cx*square_d(i);

long long int gc = gcd(dl, d2);

possible_solution(sol, lc, square_d(i), d1, 42,

{
if (a
{
d1
d2
}
}

= dil/gc;
= d2/gc;
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