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Upper bounds on the 2-colorability threshold of random d-regular
k-uniform hypergraphs for £ > 3

Evan Chang * Neel Kolhe T Youngtak Sohn *
July 13, 2023

Abstract

For a large class of random constraint satisfaction problems (cspP), deep but non-rigorous theory from
statistical physics predict the location of the sharp satisfiability transition. The works of Ding, Sly, Sun
(2014, 2016) and Coja-Oghlan, Panagiotou (2014) established the satisfiability threshold for random
regular k-NAE-SAT, random k-SAT, and random regular k-SAT for large enough k > ko where ko is a
large non-explicit constant. Establishing the same for small values of £ > 3 remains an important open
problem in the study of random csSPs.

In this work, we study two closely related models of random CSPs, namely the 2-coloring on random
d-regular k-uniform hypergraphs and the random d-regular k-NAE-SAT model. For every k > 3, we prove
that there is an explicit d, (k) which gives a satisfiability upper bound for both of the models. Our upper
bound d. (k) for kK > 3 matches the prediction from statistical physics for the hypergraph 2-coloring by
Dall’Asta, Ramezanpour, Zecchina (2008), thus conjectured to be sharp. Moreover, d. (k) coincides with
the satisfiability threshold of random regular k-NAE-SAT for large enough k > ko by Ding, Sly, Sun (2014).

Keywords: random constraint satisfaction problem, NAE-SAT model, satisfiability threshold, interpo-
lation, free energy, replica symmetry breaking
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1 Introduction

In this work, we study the 2-coloring on random d-regular k-uniform hypergraphs and the random
d-regular k-NAE-SAT model for k > 3. We establish an explicit well-defined upper bound on the satisfi-
ability /colorability threshold that holds for every k > 3, which is conjectured to be sharp in statistical
physics [DRZ08] for hypergraph 2-coloring, and matches the previous rigorous results for random regular
k-NAE-SAT model for k large enough [DSS14].

Given a k-uniform hypergraph with n nodes and m hyperedges, where every edge consists of k£ nodes, a
hypergraph 2-coloring is an assignment of colors from {red, blue} = {0,1} to the nodes such that there is no
monochromatic hyperedge. If there is such a 2-coloring, the hypergraph is said to be colorable or satisfiable.
It is a typical example of a constraint satisfaction problem (CspP) that has been studied extensively in
combinatorics and computer science literature [Sey74, AB88, AM02,COZ12,DFG15,HY13, HY18].

A k-NAE-SAT problem is another closely related csp studied in computer science [COP12,DSS14,SSZ16,
NSS22,SS23], which can be viewed as a variant of the infamous k-SAT problem [Kar72]. A k-SAT formula is a
boolean CNF formula with n variables formed by taking the AND of m clauses, which is the Or of k variables
or their negations. Then, a NAE-SAT solution z € {0,1}" is an assignment such that z and its negation —x
evaluates true in the formula. Thus, viewing each clause as an hyperedge, if no variable is negated in every
clause, then a NAE-SAT solution is equivalent to a hypergraph 2-coloring.

A significant direction of research on satisfiability has involved examining the large-system limit of ran-
domly generated problem instances. The study of random constraint satisfaction problems (rcsps) aims
to discern typical behaviors and phase transitions in these systems as the number of variables n and the
number of constraints m tends to infinity with a fixed ratio o = 7. In this sparse regime, there has been
considerable effort into identifying the satisfiability transition, or the critical density, denoted by as,t, beyond
which solutions cease to exist [AP04, ANP05, AM06,COV13].

Many of the sparse rCsps belong to a broad universality class called the one-step-replica-symmetry-
breaking (1RSB) class from statistical physics [KMRTT07] (see Chapter 19 of [MMO09] for a survey) - including
2-coloring on random regular k-uniform hypergraphs, random regular k-NAE-SAT, and random k-SAT for
k > 3. The 1RSB class refers to rcsp which is predicted to possess a single layer of hierarchy of well-separated
clusters, where a cluster roughly refers to a dense region of the solution space. A shared characteristic of these
problems is that in a non-trivial regime below asat = esat(k), the number of solutions fails to concentrate
about its mean due to the clustering effect. This effect thus prevents standard first and second moment
methods from locating the exact transition, presenting a significant mathematical challenge.

Despite such difficulties, breakthroughs were made to successfully locate the satisfiability threshold of
the random regular k-NAE-SAT [DSS16b], the random k-SAT [DSS22], and random regular k-SAT [COP16]
for large enough k£ > ko, where ko is a non-explicit large absolute constant. These works carried out a
demanding second moment method to the number of clusters instead of the number of solutions based on
intuitions from statistical physics [MPZ02] and previous mathematical works [AP04, COP13, COP16]. See
Section 1.1 for further literature.

However, for small values of k& > 3, locating the satisfiability threshold for rcsps in the 1RSB class
remains an important open problem. Indeed, for all the aforementioned models in 1RSB class, the physicists
conjecture an explicit value ay (k) for ae(k), the 1RSB threshold, which is expected to be correct for all
k > 3 [MMZ06,MPZ02, DRZ08]. The methods of [DSS16b, DSS22, COP16] crucially uses the fact that & is
large enough for their second moment method to succeed.

In this work, we consider 2-coloring on random d-regular k-uniform hypergraphs, where the random
hypergraph is generated uniformly at random from the set of k-uniform hypergraphs such that every variable
participates in exactly d hyperedges. We also consider random d-regular NAE-SAT, where k-SAT formula is
generated uniformly at random with the condition that every variable participates in exactly d clauses. We
establish an upper bound d,(k) on the satisfiability thresholds for these problems for every k > 3, which
is sharp [DSS14] for random regular k-NAE-SAT for large k > ko and conjectured to be sharp [DRZ08] for
k > 3 for hypergraph 2-coloring.



k 31415 6 7 8 9 10 11 12 13 14 15
[di(E)] | 7] 20 | 53 | 130 | 307 | 705 | 1592 | 3543 | 7802 | 17028 | 36902 | 79488 | 170340
[di(k)] | 8 | 21 | 54 | 131 | 309 | 708 | 1594 | 3546 | 7804 | 17031 | 36905 | 79491 | 170343

Table 1. A comparison with the upper bound d, (k) in Theorem 1.1 with the first moment threshold

dy (k) := % for small values of k. For 3 < k < 10, the values also appear in Table 1 of [DRZ08].

Theorem 1.1. Fork > 3 and dipa(k) < d < dupa(k), where dipa(k), duba(k) are defined in (1.4) below, there
exists a unique solution x = x(k,d) to the equation

1—2x 1 —2zk-1 11 1
- e i S <p< =, .
d 1+(log l—x)/bg(l—xk—l) on the interval 5k ST=3 (1.1)
Define d, (k) by the largest zero of the explicit function
*®(d) ;== —log(l —z) —d(1 — k=t —d V) log(1l — 22%) + (d — 1)log(1 — z*~1), (1.2)

where the existence of the root of *®(d) is guaranteed in the interval [dipq(k), dupa (k)]

Then, for k > 3, and d > d,(k), the random d-regular k-uniform hypergraph is not 2-colorable with
probability tending to one as the graph size n — oco. Similarly for k > 3 and d > d.(k), then the random
d-reqular k-NAE-SAT instance is not satisfiable with probability tending to one as n — oo.

A matching lower bound was obtained in [DSS14] for large enough k > ko in random d-regular NAE-SAT
by a demanding second moment method. Our proof is based on an interpolation method from statistical
physics [FL03, Gue03,PT04]. We give a proof outline in Section 1.2.

We emphasize that for any k > 3, determining the colorability threshold for 2-coloring on random d-
regular k-uniform hyprgraphs was previously open, thus Theorem 1.1 for 2-coloring is novel even for large k.
Although it is expected that the colorability threshold for the model matches the satisfiability threshold for
random regular k-NAE-SAT, it is highly non-trivial to modify the proof techniques for random regular NAE-
SAT [DSS16b] to the 2-coloring model since many of the arguments in [DSS16b] crucially takes advantage
of the randomness of clauses. For example, any x € {0,1}" has the same probability of being a NAE-SAT
solution by the randomness of the clauses while this is obviously not true for the 2-coloring model. As we
see below, even the calculation of the first moment of the solutions is substantially more involved for the
2-coloring model. Let Zy,; be the number of solutions of random d-regular k-NAE-SAT, then it is trivial to
calculate EZy,; exactly by taking advantage of the randomness of the clauses:

EZgar =2"(1 — 2_k+1)m = exp (n(10g2 + alog (1 — 2_’”1))) =:exp (n@k(a)) . (1.3)

On the other hand, if we denote Zo by the number of 2-colorings on random d-regular k-uniform graphs,
then estimating EZ.q, is more delicate: we appeal to the idea of exponential tilting from large deviations
theory [DZ10] and local central limit theorem [Bor17] to prove that EZ, is of the same order as exp (n@k(a))
in Lemma 1.8 below. Using the interpolation bound which is simpler than moment calculations, we clarify
a simple mechanism (cf. Lemma 2.3) behind the identical satisfiability upper bounds for both models.

The solution z(k,d) to the equation (1.1) has a mathematical interpretation. Namely, 2z(k, d) is the
fraction of the so-called frozen variables in the cluster model. The solution z(k,d) is called the Belief
Propagation(BP) fixed point for the cluster model in statistical physics. We emphasize that addressing the
uniqueness of the BP fixed point is a well-known major obstacle for many combinatorial optimization and
statistical inference problems that exhibit sharp phase transitions (e.g. for spherical perceptron model [ST03];
see [Tall0, Chapter 3] for a further discussion). We establish the uniqueness of the BP fixed point by showing
that the Belief Propagation recursion (cf. (1.12)) is a contraction for &k > 3 and [dipa(k), duba(k)], which
might be also useful in obtaining a matching lower bound to Theorem 1.1.

Since EZy, and EZ, are given by exp (n@k(a)) up to a constant (cf. (1.3) and Lemma 1.8), the first

moment thresholds for both of the models are given by d; (k) := %. In Table 1, we report [d, (k)]

and [dy (k)] for 3 < k < 15. For every 3 < k < 15, the upper bound [d,(k)] in Theorem 1.1 improves over



the first moment threshold. For large values of k, d, (k) improves over d; (k) by Q(k) (see (1.5) below). The
quantities dipq(k), and dypa(k) are defined by

6.74 k=3, i A

dipa(k) = { 16. =4 dupa(k) =< 7 1.4

toa (K) 6.7 k=4, ba(k) {2k1klog2 k>4, (1.4)
(2F1 —2)klog2 k>5.

Remark 1.2. For d < djpq(k) and large k > ko, the second moment method applied to Zy,g succeeds
in showing the satisfiability for the random d-regular k-NAE-SAT model (see [DSS14, Section 2.1]). For
k € {3,4}, dipa(k) must be adjusted to be higher to guarantee that *®(d) is well-defined, i.e. there exists a
unique solution to (1.1). The value dypq(k) = 28 *klog?2 > d; (k) for k > 4 is a convenient upper bound for
satisfiability. For k = 3, we take dypa(3) to be 7.5 > —21282 _ — 4, (3), which does not change d,(3), but is

—log(3/4) —
more convenient for the proof.

Finally, we note that the large k asymptotics of d, (k) was proven in [SSZ22, Appendix B]:

o (k) = d*]ik) = (2’“1 - % - zujgz) log 2 + o (1), (1.5)

where 0, (1) denotes an error tending to zero as k — oo. Since dy (k) = (2871 — 1/2)klog2 + ox(1), we have
that d. (k) < di(k) — Q(k).

1.1 Related work

Many of the earlier mathematical works on rcsps focused on determining their satisfiability thresholds
and verifying the sharpness of SAT-UNSAT transitions. For models that are known not to exhibit RSB, such
goals were established. These models include random 2-sAT [CR92,BBCT01], random 1-IN-k-SAT [ACIMO1],
k-XOR-SAT [DM02, DGM ™10, PS16], and random linear equations [ACOGM20]. On the other hand, for
the models which are predicted to belong to 1RSB class, intensive studies have been conducted to estimate
their satisfiability threshold, as shown in [KKKS98, AP04, COP16] (random k-SAT), [AM06,COZ12,COP12]
(random k-NAE-SAT), and [AN05,CO13,COV13,COEH16] (random graph coloring).

More recently, the satisfiability thresholds for rcsps that exhibits RSB have been rigorously determined
for several models, namely the random regular k-NAE-SAT [DSS16b], maximum independent set on d-regular
graphs [DSS16a], random regular k-SAT [COP16] and random k-sAT [DSS22] for large k and d. Although
determining the location of g-colorability threshold for the sparse Erdos Renyi graph is left open, the conden-
sation threshold agong for random graph coloring, where the free energy becomes non-analytic, was settled
in [BCOHT16]. They carried out a technically challenging analysis based on a clever “planting” technique,
where the results were further generalized to other models in [COKPZ18]. Similarly, [BCO16] identified
the condensation threshold for random regular k-SAT, where each variable appears d/2-times positive and
d/2-times negative. Further, in the condensation regime a € (Qicond, sat), Mmany quantities of interest was
established for random regular k-NAE-SAT with large enough &, matching the statistical physics prediction.
Namely, the number of solutions at exponential scale (free energy) [SSZ22], the concentration of the over-
lap [NSS20,NSS21], and the local weak limit [SS23] were established. Establishing the same quantities for
other models in the condensation regime is left open.

The closest result to ours in the literature is by Ayre, Coja-Oghlan, and Greenhill [ACOG22], where they
lower bound the chromatic number (or equivalently, upper bound the colorability threshold) of the random
regular graph of any degree, which is conjectured to be tight. [ACOG22] also considers the sparse Erdos
Renyi graph, which is more complicated since the conjectured chromatic number is defined in terms of a
distributional (rather than real-valued) optimization due to the randomness of the local neighborhoods. In
this work, we do not consider Erdos Renyi type problems, but we additionally address the question of the
uniqueness of the BP fixed point for any & > 3 (unique solution to the equation (1.1)). As in [ACOG22],
we use an interpolation bound, which gives an upper bound of the satisfiability threshold also for the (non-
regular) random k-NAE-SAT model. It would be interesting to address the uniqueness of the BP fixed point
for random k-NAE-SAT and random k-sat for small k& > 3. We refer to [ST03, MRSY19, YP22, GP23] which
addresses the uniqueness of BP fixed point for various models.



1.2 Proof methods

We aim to rigorously establish the upper bound the satisfiability threshold predicted by the so-called
‘1RSB cavity method’ from statistical physics [DRZ08]. To do so, instead of using moment methods, we use
a technique called ‘interpolation method’ from the theory of spin glasses developed by [FL03, Gue03, PT04].
The interpolation method has been successful in upperbounding the satisfiability threshold for random k-
SAT [DSS15] for large k, the free energy for random regular k-NAE-SAT [SSZ16], and the colorability threshold
for random graphs [ACOG22].

We first introduce the notations and mathematical framework that we use throughout the paper. For
both the d-regular k-uniform hypergraphs and the k-NAE-SAT formula, we can represent them as (labelled)
(d, k)-regular bipartite graph. Let V = {vy,...,v,} be the set of variables or nodes and F = {a1,...,am}
be the set of clauses or hyperedges. An edge is formed if the variable or node v; is included in the clause or
hyperedge a;. For an edge e, we denote v(e) (resp. a(e)) by the variable (resp. clause) adjacent to it.

Denote G = (V, F, E) by the resulting bipartite graph. We denote the neighborhood of v € V (resp.
a € F)by 6v:={a € F: (aw) € E} (resp. da := {v € V : (aw) € E}). Throughout, we denote
a="T = % For the NAE-SAT formula, there is an extra label for each edge e € F, namely the literal
L. € {0,1}, which specifies how the variable v(e) participates in the clause a(e). Then, the labelled graph
G=(V,F,E,L) = (V,F,E,(Lc)ccr) represents a NAE-SAT instance.

Definition 1.3. Given a NAE-SAT instance G = (V, F, E,L), z € {0,1}V is a (NAE-SAT) solution if

H @((xv(e) @ Le)eééa) = 13
a€F

where for 2z = (2;)i<k € {0,1}F, ¢(2) = 1(21 = ... = 2;), and @ denotes addition mod 2. Given a graph
G = (V,F,E), z € {0,1}V is a (hypergraph 2-) coloring if z is a NAE-SAT solution on G with literals
identically zero (G, 0).

The configuration model can be described as follows. Add d (resp. k) half-edges adjacent to each variable
(resp. each clause) so that there are total nd = mk number of half-edges adjacent to variables (resp. clauses).
Thus, F can be regarded as the perfect matching between to the set of half-edges adjacent to variables to
those adjacent to clauses, and hence a permutation in S,4. Then, the configuration model G = (V, F, E)
is defined by taking E ~ Unif(S,4). For a random d-regular k-NAE-SAT instance G = (G, L), we take the
literals L = (L) ecr - <" Unif({0,1}).

Note that the configuration model G may induce multi-edges. However, if we denote . to be the event
that G is simple, then it is well-known that P(G € .¥) = (1) (see e.g. Chapter 9 of [JLR00]). Thus, the
configuration model is mutually contiguous with respect to the uniform distribution among all (d, k)-regular
graphs, so to prove Theorem 1.1, it suffices to work with the configuration model.

In order to use the interpolation method, we consider the positive temperature analogs of the 2-coloring
or the NAE-SAT model, which have more desirable properties due to the softness of the constraints - e.g. the
concentration of the free energy as seen in Lemma 1.4 below. We introduce notations that allow us to set
up the positive temperature models. Let S be a finite set and b = (bs)scs be a vector with b; > 0. Also, let
X Dbe a finite set encoding the spins and denote F(X) by the set of functions X — R>g. Let f: S — F(X)
be a random function, i.e. f(:;8) € F(X) is random for s € S, and fi,..., fx be i.i.d. copies of f. Then,
define the random function 6 : X* — R by letting for z = (x1,...,zx) € X¥,

k
0(z) => b [ filzsi9). (1.6)
s€S  i=1
We assume that there exists a constant e € (0,1) such that for any x € X*,
e<1-0(z) <e ' almost surely. (1.7)

On a (d, k)-regular bipartite graph G = (V, F, E), let (0,)qcr be i.i.d. copies of the random function 6, and
define the (random) Gibbs measure on X'V by

pa(z) = %G) H (1 - ea@éa)) )



where Z(@G) is the normalizing constant explicitly given by
2@= 3 IT (1= bulzsn) (1.8)
zeXV a€EF

We note that the condition (1.7) on § guarantees that the Gibbs measure pg is ‘finite temperature’. In
particular, if we define the free energy

1
F, = g]Elog Z(G), (1.9)

where G is drawn from the configuration model and E above is over the randomness of G and randomness
of (04)acr, we have the following concentration of the free energy.

Lemma 1.4. Assume that 0 satisfies (1.7) with some constant € € (0,1). Then, for any § > 0, there exists
a constant which only depends on €,6 > 0 such that

P <‘1logZ(G) - F,
n

D

The concentration of free energy in Lemma 1.4 is standard in literature [BCOHT16, COP19, ACOG22],
and we provide the proof in Section 2 for completeness.

Definition 1.5. (Positive temperature models) For 5 > 0, called the inverse temperature, the positive

temperature NAE-SAT model Oyap(-) = Onar(; B) is defined as follows. Let L = (L;);<k s Unif({0,1}) be a
sequence of i.i.d. Bernoulli(1/2) random variables. Then for x = (7;);<x € {0, 1}*, define

k k
QNAE(Q) = 0NAE(§§ 5) = (1 - 676) : (H(Lz 5>} xz) + H(LZ Dx; D 1)) . (1.10)

i=1 =1

That is, in the general form (1.6), we take S = X = {0,1}, b; =1 —e~ ", and f(2;0) =1— f(z;1) = L(z ®L)
for L ~ Unif({0,1}). Moreover, the positive temperature hypergraph 2-coloring model Oco,(+) = OcoL(-; 5) is
defined by taking L; = 0 above:

k
QCOL(Q) = 900L(£§ ﬁ) = (1 - 6_6) : Z Hﬂ(xz = 5) , (1~11)

se{0,1} i=1
which is taking f(z;s) = L(z = s) in (1.6).

We note that formally taking 8 = oo and 6 = 0.0 (z; ), the corresponding partition function Z(G)
equals the number of 2-coloring on G. A similar statement holds for the NAE-SAT model.

By constructing a certain sequential coupling of the given factor graph (G, (8).cr) to a set of disjoint
trees so that the free energy is monotone at every step, the interpolation method [FLO03, Gue03,PT04] gives
an upper bound on the free energy F, as follows: for ( € (2 (2(X))), where Z(A) denotes the set of
probability measures on A, and A € (0, 1), there exists an explicit functional P({, A) = Par.0((, A) such that
we have F,, < infc ) P((,\) + o,(1). By taking advantage of the interpolation method applied to positive
temperature models in Definition 1.5 and the concentration of the free energy in Lemma 1.4, we prove the
proposition below in Section 2.

Proposition 1.6. For a given k > 3 and d, suppose that there is a solution x € [1/2 — 1/2%/1/2] to the
BP equation (1.1). Further, suppose that *®(d) in (1.2) defined with such x satisfies *®(d) < 0. Then,
with probability tending to one, no NAE-SAT solution exists on G. Also, with probability tending to one, no
2-coloring exists on G.

Moreover, we show that d, (k) in Theorem 1.1 is well-defined and that the assumptions of Proposition 1.6
are meaningful. Note that the BP equation (1.1) is equivalent to ¥4(z) = @, where g = Uy 4 : [0,1] — [0,1]
is defined by ¥4 = ¥ o ¥ with

U(z) =Vg(z) = ——. (1.12)



The function ¥(-) is variable BP recursion and W(-) is clause BP recursion (see [DSS16b, Section 3.1] for the
motivation).

Proposition 1.7. Fork >3 and d € [dipa(k), dua(k)], there exists a unique root to Wy(x) = (Vo W)(z) = =
in the interval x € [1/2—1/2%,1/2]. Thus, *®(d) in equation (1.2) is well-defined. Furthermore, d — *®(d)
is continuous in the interval d € [dipa(k), dupa(k)] with *®(dpa(k)) > 0 and *®(dyba(k)) < 0.

The proof of Proposition 1.7 is given in Section 3 for k£ > 4 and in Section 4 for k = 3, which requires
extra numerical estimates. Finally, we show that the first moment EZ.,, of the number of 2-colorings on
random d-regular k-uniform hypergraphs is the same with EZy,; up to a constant.

Lemma 1.8. For k > 3, there exist constants Cy q; for ¢ = 1,2,, which only depends on k,d such that
EZCOL/EZNAE S [Ck,d,h Ck,d,z]

Proof of Theorem 1.1. By Proposition 1.7, the function *®(d) is well-defined and has a root in the interval
[diba(k), duba(k)]. Moreover, since *®(dypa(k)) < 0 holds and *®(-) is continuous, we have *®(d) < 0 for
d € (dy(k), duba(k)]. Hence, Proposition 1.6 shows that if d € (dy(k), dupa(k)], then the 2-coloring of random
d-regular k-uniform hypergraph and random d-regular k-NAE-SAT is not satisfiable, both with probability
tending to one as n — oco. Further, since EZoo, =<i,a EZue = exp (n(log2 + alog (1 — 27%1))) by
Lemma 1.8 and log2 + alog (1 — 27%"!) < 0 holds for d > dupa(k), the same is true for d > dypa(k) by
Markov’s inequality. |

2 Satisfiability upper bound by interpolation

In this section, we prove Lemma 1.4, Proposition 1.6, and Lemma 1.8. We prove Proposition 1.6 in
Section 2.1 based on the interpolation bound from statistical physics [FL03,Gue03]. In Section 2.2, we prove
Lemma 1.4 based on Azuma Hoeffding’s inequality applied to the Doob martingale with respect to clause
revealing filtration. In Section 2.3, we prove Lemma 1.8 based on the local central limit theorem.

2.1 Proof of Proposition 1.6

Throughout, we assume that we are given k > 3 and d such that there is a solution = € [1/2 — 1/2*,1/2]
to the equation (1.1). We use the following one-step-replica-symmetry-breaking bound proven in [SSZ22,
Theorem E.3| for random regular graphs, which is the analog of [PT04, Theorem 3] for Erdos Renyi graphs.

Theorem 2.1. (Theorem E.3 in [SSZ22]) Let X and S be finite sets and consider the partition function
Z(G) (cf. Eq. (1.8)), where § in (1.6) satisfies the condition (1.7) for some € > 0 and bs > 0 holds for
s € 8. Let My = P(X) be the space of probability measures over X, My = P (M) be the space of
probability measures over My, and My = P(M,) be the space of probability measures over My. For
¢ € Mg, let n = (14,5)a>0,j>0 be an array of i.i.d. samples from (. For each index (a,j) let py; € P(X)
be a conditionally independent sample from 14 j, and denote p = (pa.;)a>0,j>0. For x € X define random
variables

ug(z) = Z I{z) = x}(1 - Hp(w xj) Ug = Z (1= 6a( Hpa,] xj)

zEXF TEXF

where we recall that (04)e>0 are i.9.d. copies of the random function 6. For any A € (0,1) and any ¢ € Ma,

F, <P A) + Oa(n_1/3) ,  Wwhere

PCA) = Pol(C,\) := A Elog E/ {( 3 f[ ua(x)ﬂ — (k- 1)ar 'ElogE’ [ (uo)k] . 21)

zeX a=1

Here, F, is the free energy for the configuration model defined in (1.9), E' denotes the expectation over p
conditioned on all else, and E denotes the overall expectation.



Remark 2.2. [SSZ22, Theorem E.3] is stated more general than Theorem 2.1 by considering independent
external field {h,}vev and random (bs)ses. For our purposes, it suffices to consider non-random b; > 0 and
h, = 1.

We use Theorem 2.1 for the positive temperature models in Definition 1.5. Note that Oyap(-; 8) and
Bcow(-; B) satisfies the condition (1.7) with ¢ = e~#. Furthermore, in the bound (2.1), we take A = 3~1/2
and ¢ = (a4 € @(@(9({0, 1}))) given by a point mass at 7y 4,4

Ck,d,ﬁ = 67]k,d,;3 ’ (22)
where ng.q8 € Z(2({0,1})) is defined as follows. Identify Z?({0,1}) with [0, 1] by the map

pe 2({0,1}) & p(1) € 0,1].
Thus, viewing 7 = ng.q.8 € 2([0,1]), define

e'B _ 676 = 1 =1—-2x (23)
n el 4 e b =7 eBreB) 7 "a) = ’ '

where z = z(k, d) is the BP fixed point, i.e. the solution to the equation (1.1). Such choice (i, q 5 is motivated

from physics [KMRT"07] and previous mathematical works [DSS16b, Section 3] and [DSS22, Section 4].
Before proceeding further, we show that if ¢ is given as in (2.2), (2.3), then P(¢, \) does not depend on

literals. More precisely, suppose that ¢ = d,,, where g € Z2([0, 1]) is such that ng(dz) = no(d(1 — x)), i.e.

P 21— p holds for p ~ 1. For a fixed L = (L;)i<x € {0,1}%, let

k k
fulz) = (1—e")- (H(Lz o)+ [[Lioze 1)> :

i=1 i=1

With abuse of notation, for € {0,1} and independent samples p, ; € Z({0,1}) from 7o, let

Ugr(x) = Z 1{x; = x} 1 —Ou(z H Pa,i(T5) u, = Z 1 — Oz H Pai(5)

z€{0,1}* z€{0,1}*

where we consider L € {0,1}* to be fixed. Then, for a given sequence of literals L, € {0,1}* for 0 < a < d,
let

d
A A
73(6770,)\ (L, )ogagd) = A_llogIE’( Z H Uq,L, (x)) — (k- 1)a)\_1IElog]E’ (ULO) , (2.4)
z€{0,1} a=1

where E’ is the expectation with respect to the independent samples p, ; € £({0,1}) from 7. Note that
ifL, " G Unif({0, 1}*), then Py, (3555 A) = ELP (810, A; (Ly)o<a<a) holds, and if L, = 0 for 0 < a < d, then
’P(;CUL((SWO, A) = P(8y0,A;0) holds. The following lemma then clarifies the mechanism behind the identical
satisfiability upper bound in Theorem 1.1.
Lemma 2.3. Consider ( = 0y, for some no € 2([0,1]) such that no(dxz) = no(d(1 — x)). Then, for any
literals L, € {0,1}* for 0 < a < d, the value P(8y,, \; (Ly)o<a<d) does not depend on (L,)o<a<a. Thus,
’PGNAF} (6770’ )\) = Perm (6770’ A) holds.

Proof. For fixed L, € {0,1}" for 0 < a < d, note that the vectors (ugy (0),uar, (1)) are independent for
0 < a < d. Thus, it suffices to show that for given L,L’ € {0,1}* and 1 < a < d,

up Luy and  (uap(0),tar(1)) 2 (tar (0), uar (1)) (2.5)

To this end, let L’ = 0 and we first prove that u, 4 up holds. Since 0i,(z) = 6p(z & L),

UL = Z 179]_, HpQJZL'J Z 1700 HPO]IJ@L

z€{0,1}* 2c {01}k



Note that since (po j)i<j<r are ii.d. samples from 7y and no(dz) = no(d(1 — z)) holds, the sequence

(po;(-® Lj)>1<j<k are also i.i.d. from 79. Hence, the equation above shows that u, < ug holds.

Next, we prove that (u(0),uqe (1)) L (t4,0(0), ta,0(1)) holds. Without loss of generality, let a = 1.

Again since 61,(z) = 0p(z D L),

=
=

urL(z) = Z ]l{xl—x}l—GL lejxj Z ]l{;v1€9L1—x}1—90 lejx]@L

z€{0,1}* J=2 z€{0,1}* Jj=2
Now, observe that 6y(+) is invariant under global flip, i.e. fy(x) = 0y(x & 1). Thus, it follows that

k

urL(z) = Z {z1 =2}l —b(z Hpu zj &L & L;).

ze{0,1}F j=2

2<j<k 2<j<kr Which
are i.i.d. from ng. Thus, we have that (u1(0),u1 (1)) < (u1,0(0),u1,0(1)). Therefore, (2.5) holds, which

concludes the proof. [ |

By the same reasons as above, (p17j(~ GL D Lj)) have the same distribution as (,017j)

The following lemma relates Pa.,, (C.a.5, 3~ ?) = P, (Cr.ap, 7/?), and *®(d), which plays a crucial
role in proving Proposition 1.6. Recall the definition of x4 5 in (2.2) and (2.3).

Lemma 2.4. Py (Crap, 871/ <C + BY2 . *®(d) holds for some constant C' € R, which does not depend
on 3> 0.

Proof. Throughout, let (pq ;)a>0,j>0 denote i.i.d. samples from 7 4 g defined in (2.3), and let E' (resp. P')
denote the expectation (resp. probability) with respect to (a4, ;)a>0,j>0. Also, we use the generic notation
C by a constant that does not depend on /5 > 0. Note that since 60, and 7y 4,3 are non-random, the outer
expectation E in the definition of P(¢, A) in (2.1) is redundant.

First, we bound the second term of the definition of Py, (Cr.a.5, 57 /2) in (2.1):

(0o Frmn))

Note that the expectation inside the log in the right hand side above is bounded below by

k
1 1 —1
g—B71/2 .]p/<1 —(1—e” <Hpo,1 + Hpo,j(1)> > 2) — 007 (1 Z9gh),
j=1

where z is the solution to the BP equation (1. 1) and the equality holds for large enough 8 > By since for

(k — a2 10g E/ { (u)® " } — (k- 1)a"?10g E/

large 8 and k > 3, (1 —e™?) (H?_l poj( )+ H _1/0,;(1 )) > 1 holds if and only if either pg ;(1) = e,;j%
holds for all 1 < j <k, or po;(1) = m holds for all 1 < j < k. Thus, it follows that
~(k—1)ar"'ElogE’ [(uo)’\] < C— B2k 1)alog (1 — 22). (2.6)
Next, we estimate the first term of the definition of Py, (Cr.a.5, 57 /2) in (2.1), which equals
d 6_1/2
52 10g E/ [( > [Lw) }
z€{0,1} a=1
; . g1/ (2.7)
= p/?1og B/ (H( (1—e" Hpa,j ) H( (1—e Hpaj ))
a=1 a=1
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We upper bound the expectation inside the log in the above expression by

—1/2

P(A) + (38T

1/2

98~

where
lj ( (I—e” @Pau‘(@) +aljl(1(16ﬂ)11pa,j(1)> > 3¢ 8

Define the events & and &; involving (pq.,j)1<a<d,2<j<k as follows.

e & is the event such that for any 1 < a < d, there exists j € {2,...,k} such that p, ;(0) # eﬁfr%.
e & is the event such that for any 1 < a < d, there exists j € {2,...,k} such that p, ;(1) # eﬁfr%.

We now claim that for large enough §, the event A is included in & U &;. To this end, suppose that the
event (& U &1)¢ = 5 N ES holds. Then, for each = € {0,1}, for some a = a(z) € {1,...,d} such that

Pa,j(x) = e[,_i% holds for all 2 < j < k. Thus, for « € {0,1}, we have

d B k—1
_ (1 —e P -8 —28
H( (1—e" l_Ipaj ><1 (1—e )(65+e—5) <e P 4e 7,

a=1

where the last inequality holds for large enough § > 8;. Hence, summing over x € {0, 1} gives that the event
A cannot hold, which proves our claim that A C £ U E;. Consequently, the term (2.7) is bounded above by

82 log (25‘”2 P (&U&) + (3e*ﬁ)ﬂ‘1“) < Y2 10g P (EUE) +C.
Note that P’ (50 U 51) can be calculated explicitly by

(1 _ Z‘k_l)d_l(l _ ka)
1—x

P(EU&) =21 — 2" ) = (1 - 2257 1) =

)

where in the final equality, we used the fact that z is the solution to the equation (1.1). Therefore, we have
proven that

d —1/2
B2 10g E/ {( Z H ua(x)>ﬁ / ] <C+pY2 (—log(1 — ) + (d — 1) log(1 — 2F 1) + log(1 — 22%)) .

z€{0,1} a=1
(2.8)
In conclusion, combining (2.6) and (2.8), and recalling the definition of *®(d) in (1.2), we have
Poeo (Crd,p, 5%) < O+ B2 ®(d),
which concludes the proof. |

Proof of Proposition 1.6. Given a NAE-SAT instance G, let SOL(G) C {0,1}V denotes the set of NAE-SAT
solutions. Also, let Zg nax(G) denotes the partition function (1.8) for § = Oy,s(-; 3). Note that if z € SOL(G),
then Oysp(zs,) = 0 for any a € F, thus we have for any 8 > 0 that

Zosw(@) = Y I (1= buus(ase; 8)) = ISOL(G))| - (2.9)

z€{0,1}V a€F

On the other hand, since fy,s(-; 3) satisfies the condition (1.7) with ¢ = e=#, we have by Theorem 2.1 that

1
—E|log Zﬂ,w(g)} < Pou (G, B %) + 0n(1) = Poy, (Cuoas: B7Y%) + 0n(1),
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where the last equality is due to Lemma 2.3. By Lemma 2.4, the right hand side is further bounded by
1
~E|log Zpxae(G)| < 82 *@(d) + C + 0a(1),

for some constant C' that does not depend on n nor 8. If *®(d) < 0, then for large enough 8 > 0,
B2 . *®(d) + C < —1 holds, thus n~'E[log Zsxas(G)] < —1 holds for large enough n. For such 8 =
Bo(k,d) > 0, we have by (2.9) and Lemma 1.4 that for large enough n,

1 1
}P’( ISOL(G)| > 1) < P<‘n 108 Zy xas(G) — E]E[log ZﬁmNAE(g)H > 1> <emem,

for some constant ¢ that depends only on 3y > 0, which finishes the proof for the NAE-SAT model.

Given a configuration model G, let Z3 ¢ (G) denote the partition function (1.8) for 8 = 0o (-; 8). Then,
by the same reasoning, Theorem 2.1 and Lemma 2.4 shows that if *®(d) < 0 then 2E[log Zs co(G)] < —1
holds for large enough 8 = y(k,d) > 0 and n large enough. On the event that there exists a 2-coloring on
G, Zg,co(G) > 1 holds, so Lemma 1.4 again concludes the proof. [ ]

2.2 Proof of Lemma 1.4

Recall that G = (V, F, E) is generated from the configuration model, where the E is drawn uniformly
from S,4. Thus, E has the same law as sequentially drawing random clauses a1, . .., a,, as follows. At times
t e {1,...,k}, clause a; is drawn by connecting the k adjacent half-edges to previously unmatched half-edges
adjacent to variables. For 1 <t < m, let .%; be the o-algebra generated by a1, ..., a:, and .%y = (). Denote
M; = E[log Z(G) | #] by the associated Doob martingale. Note that if G = (V, F, E) and G’ = (V, F, E')
has the the same set of edges except for those adjacent to two clauses a; # as € F, then by our assumption
of § in (1.7) and the definition of Z(G) in (1.8), it follows that ¢ < Z(G)/Z(G') < 72 holds. Thus, we
have for every t € {0,1,...,m — 1} that

‘MM — M, < 2log (1/e), (2.10)

= )E[logZ(G) | Z111] — E[log Z(G) | 7]

from which Lemma 1.4 follows.

Proof of Lemma 1.4. Note that M,, =log Z(G) and My = E[log Z(G)] holds and (M;)o<i<m is a martin-
gale with bounded difference by (2.10). Therefore, the conclusion follows from Azuma Hoeffding’s inequal-
ity. |

2.3 Proof of Lemma 1.8

The following notations are convenient for the proof of Lemma 1.8. For non-negative quantities f = fix.n
and g = g4.kn, we use any of the equivalent notations f = Ok a(9),9 = Qk.a(f), f Sk,a g and g Zgq f to
indicate that there exists a constant C}_ q, which only depends on k,d such that f < C 4-g. We drop the
subscripts d (resp. k,d) if the constant Cj 4 does not depend on d (resp. k,d). When f <pq g and g Sg.a f,
we write f <j 4 g. Similarly when f < g and g < f, we write f < g.

Note that EZqo, is the sum over z € {0,1}" of the probabilities that z is a 2-coloring on G. By symmetry,
the probability of z € {0,1}V being a 2-coloring depends only on the number nvy of nodes having color 1,
which we denote by p.. Thus, EZcor = ), (i«,)pw where the sum is over v € (0,1) such that ny € Z.
Moreover, we can express p, as follows. Let X1,..., X;, be i.i.d. Binom(k, v) random variables and denote
P, by the probability with repect to (X;)i<m. Then, we have

p = IPW(Xi ¢ {0,k} foralll <i< m‘ iXi - k‘mv)
=1 (2.11)

P, (X; 0,k} foralll<i<m m
< BN é (0K} ) < (=2 — (L= )y

B Py (30, Xi = kmy)
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where the last inequality is due to a Stirling’s approximation. It follows that

EZoo, < n°M Zexp (nFa(’y)) ,  where
¥ (2.12)

Fa(7) = H(y) + alog (1—7" = (1-)").

Here, H(y) = —ylog~y — (1 — v)log(1 — 7) is the entropy of . Note that v — v* + (1 — 4)* is uniquely
minimized at v = 1/2. Further, the entropy H(v) is strictly concave and is maximized at v = 1/2. Thus,
v — Fo(v) is uniquely maximized at v = 1/2 with 6;1;@ (1/2) < 0. Since EZy,. = exp (nF,(1/2)), it follows
from (2.12) that

EZoor, < nPW exp (nFa(l/Q)) =nOW EZy. (2.13)

We now show that the polynomial factor n®") can actually be removed with a matching lower bound.
First, by (2.11) and the fact that v — F, () is uniquely maximized at v = 1/2 with strictly negative
second derivative, the contribution to EZcey from v such that |y — 1/2] > n~1/3 is negligible:

n
Z <n >p'y Sk,d exp ( — Qk’d(nl/g)) . EZNAE . (214)
[v—=1/2|=n=1/3
Thus, we focus on the regime |y — 1/2| < n~1/3. Note that we can calculate p, by summing over the
empirical distribution v of (X;);<m,. Consider v € Z({1,...,k—1}) and let p,(j) := (’;)'yj(l —~)F=3. Then,
S, (v = k) () TLpy )™ 50, 0( 2 4vs = kmy )e oA () T (y ()€™
HD’Y(Z:;1 X; = km’y) PW(Z£1 X; = km’y) ’

P,

where (7:?1,) = #:VJ), and we introduced a lagrange parameter A € R in the last equality. Let
; .

Az
vya(@) 5:% for 1<zx<k-1,

k—1 . .
Z]‘:1 Py (4)er

and denote P, » by the probability with respect to )~(1, .. ,)Z'm b Vy.x. Then, it follows that

k—1

exp (—m-Z(v,A)), where E(v,)) :=kyA —log <Zp,y(j)e>‘j> . (2.15)
j=1

. P%/\(Z:‘L )?i = ka)
P Py (37, Xi = km7)

In order to use the local central limit theorem, we take A = A(y) such that E, X = kv, where X ~ v, .
The existence of such A(y) is guaranteed by the lemma below.

Lemma 2.5. For large enough n and all v such that |y — 1/2| < n~1/3, there exists a unique A = A7)
such that By xX = kv holds. Furthermore, we have A(1/2) = 0 and |A(7)|
[y —1/2] <n7V3.

<p n~Y3 holds uniformly over

~

Proof. Note that we have g—f('y, A) =ky— IE%A)Z' by definition of v, x and Z(vy, A). Further, we have that

g—;(%, 0) = g ~Ey X = g ~Ey[X|X ¢ {0,k}] =0,
where E1 is with respect to X ~ Binom(1/2). Since A — log (Z;:ll py(j)eM) is strongly convex, we have
gi% (%,O) < 0. Thus, implicit function theorem shows that for v € (1/2 —¢,1/2 + ¢), where € = e(k) > 0
depends only on k, there exists A = A(y) such that ‘g—f (7,A(7)) = 0 holds, and that v — A(7) is continuously
differentiable. Therefore, for large enough n and v € (1/2—n"1/3,1/24-n'/3), there exists a unique A = (%)
such that E%A(W))N( = kv, and |A(7)| <k n~ /3 holds uniformly over v € (1/2 —n~'/3,1/2 + n'/3), [ ]
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Having Lemma 2.5 in hand, we prove Lemma 1.8 by appealing to the local central limit theorem.

Proof of Lemma 1.8. The contribution to EZc, from v such that |y — 1/2| > n~1/3 is negligible by (2.14),
thus we consider v such that |y — 1/2] < n~'/3 holds. To this end, we take A = A(7) from Lemma 2.5 in
equation (2.15). Then, by the local central limit theorem [Borl7],

_ Var, (X) 1/2 -
NS (w) - exp (fm~u(’y,/\('y))) , (2.16)

where X ~ Binom(k,~) and X ~ VyA(y)- Lemma 2.5 further shows that |)\(7)| < n~ /3, thus we have
Var, ay) (X) =x Var, (X |1 < X <k — 1) = Vary(X), (2.17)
where the final estimate holds because |y — 1/2| < n~'/3. Combining with (2.14), it follows that
_ n - —1/2
EZco. = (1 + 0n(1)) Z , (n7>p7 =pan Z K exp (nGa (7)), (2.18)
[v=1/2|<n—1/3 ly—1/2|<n—1/3

where
Ga(y):=H(y) —a-E(1,A(7)) .

Note that by comparing (2.16) and (2.17) with (2.11), we have G4 () < Fa(y) for |y —1/2| < n='/3. Also,
note that for v = 1/2, G,(1/2) = F,(1/2) holds since

Ga(1/2) = H(1/2) — - E(1/2,0) = H(1/2) + alog (1 —~* = (1= )"),

where we used A(1/2) = 0 by Lemma 2.5. Recalling that v — F, () is uniquely maximized at v = 1/2
with strictly negative second derivative at the maximizer, it follows that the same holds for v — G, (7).
Therefore, combining with (2.18), we have

EZcor <k,q €xp (nGa(l/Q)) =EZgar,

which concludes the proof. |

3 Proof of Proposition 1.7 for £ > 4

In this section, we prove Proposition 1.7 for k > 4, which can be split into the following two lemmas. In
Section 3.1, we prove Lemma 3.1 which guarantees the existence and the uniqueness of the BP fixed point
for k > 4.

Lemma 3.1. For k>4 and d € [diba(k), duba(k)], there exists a unique solution to Wq(x) = x in the range
€3 — 5%, 3]

By Lemma 3.1, the function d — *®(d) is well-defined. In Section 3.2, we prove Lemma 3.2 which
guarantees that d, (k) is well-defined for & > 4.

Lemma 3.2. For k > 4, the function d — *®(d) is continuous for d € [da(k),duva(k)]. Further,
*"P(dlbd(k)) > 0 and *i’(dubd(k)) < 0 hold.

Proof of Proposition 1.7 for k > 4. This is immediate from Lemma 3.1 and Lemma 3.2. |
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3.1 Proof of Lemma 3.1

Recall the variable BP recursion ¥ and the clause BP recur.sionﬁl defined in (1.12). To prove the uniqueness
of the BP fixed point, we show that the BP recursion ¥4, = ¥ o U is a contraction for k > 4.

Lemma 3.3. For k>4 and d € [dipa(k), dua(k)], [(¥a)'(x)| < 1 holds uniformly over x € [§ — 55, 3].

Proof. Throughout, we let = € [1/2 — 1/2%,1/2] and denote v = W(z). We first consider k > 5. Observe
that the derivative of the clause BP recursion can simply be bounded in absolute value by

-, E—1)zk=2  (k—1)-27k+2 4(k -1
(0 @) = (s < e = g g (3.)

k—2

where the inequality holds since z — ﬂjmﬁ is increasing. Similarly, we bound the derivative of the

variable BP recursion:
(d—1)vi=2

’(W)/(v)| - PERTEDE < (d— 1)v3—2 (d— 1)?}3‘2

<
2-v57")? T 2w )2

; (3-2)

where we denoted vy := W(z) for 2o = 1/2—1/2*. The first inequality holds because  — ¥(-) is decreasing
on [1/2 —1/2%,1/2], and the last inequality holds since vy < 1. To this end, we upper bound vd~2 by

d-2
a2 zg ! k—1yd—2 _ —(d—2)z"~1
v i=1-—"———= <(Ql-z5 )" <e Foo (3.3)

2 2k
lower bound (d — 2)zE~! by

_ 4klog2 +4 2(k-1)

Note that m’g*l = (l)kfl (1 — 3.)1%1 > (%)’ﬁl (1 — @) and d > (2k_1 — 2)klog 2 hold, thus we can

Thus, combining with (3.3) shows that

2(k — 1)klog2 | 4klog2 +4 <1 2k — 1))

ok oF ok (3.4)

vg_Q < 27kefk | where ey =

Plugging this bound into (3.2), we have

@) < (@) < R htog2 -1y 2
(2 - vg72)2 N (2 _ 271965,6)2

Combining with the contraction of clause BP recursion in (3.1), we have

2k(k —1)log2 1 ek
\I/ ! < e T ]_ — . .
[(Wa) (2)] < o ok < 2k~—1k10g2> (1 — 2-F+1)2(2 — 2=Feer)2

By comparing ¢, and €41 for k > 5, it can be easily checked that k — ¢ is decreasing, and the same
holds for k —s 2’“(’“—2% . (1 — m) Thus, k — «3, is decreasing for k¥ > 5. Furthermore, a5 can
be calculated up to arbitrary precision (e.g. by Mathematica), which satisfies a5 < 0.99 < 1. Consequently,
[(T4)'(z)] < 1 holds for k > 5.

The case where k = 4 is more delicate, and the previous strategy of bounding the derivative of clause

and variable BP recursions separately no longer is successful. To this end, we bound (¥)'(x) directly. If we
denote v = Uy (z), then

N . — —1)wd=2 okt
<wyunwow%w|=(k<§¥idi; e

|(Pa)' ()| =

15



Since v = \i'k(x) = 117_25::11 , rearranging gives zF~1 = %:f} Substituting this in for 2!, we have that

3722 —v)(1 —v)
(2 — vd-1)2

[(Wa)' ()] = (k= 1)(d = 1) - é (3.5)

We now claim that v — % is increasing for v € [W4(1/2), ¥4(1/2—1/2%)] and d € [241log 2, 3210g 2]
(recall that 24log2 > 16.7 = dp,q(4) holds). Since v — (2 — v¥~1)2 is decreasing, it suffices to show that
v — v972(2 — v)(1 — v) is increasing. Note that

d

a(vd*(z —v)(1 - v)) —(do? = 3(d— Do+ 2d— 2’3 >0 = d> 230

2-v)1—-v)"
Note that v — W is increasing since its derivative is given by (237”2)_2% > 0. Thus, to prove our

claim, it suffices to check that for dy := 24log2 and vy = @4(1/2 —1/2%) that dy > % holds. By
a direct calculation, vg = 3410/3753 < 0.91 and 24log2 > 16 > % holds, thus the claim that
v972(2—v)(1—v)

V= o,z I8 increasing is proven for d, v in the regime of interest.

Note that z — v = W, (x) is decreasing, thus (3.5) and our previous claim shows that for all 2o < z < 1/2,
where 1o = 1/2 — 1/2%, we have

d-209 _ V(] — o
(0 @)] < (0= 1)k 2=
0

(2-v Zo

where vy = W4(zo) = 3410/3753. We next show that the right hand side as a function of d € [241og 2, 32log 2]
is decreasing: since d — (2 — vi~')? is increasing, it suffices to show that d — (d — 1)v§ 2 is decreasing.
Note that

d _ 1
@((d—l)vg 2) = i~ (1—(d—1)10g(1/vo)> <O = d> s

and it can be verified that 241log2 > 16 > 1/10g(3753/3410) + 1 holds. Therefore, for k = 4, it follows that
for dg = 24 log 2,

do—2 —w .
|(\Pd)/($)’ < 3(do — )Uo (2 0)(1 0) i

@2 @
The right hand side can be computed to arbitrary precision (e.g. by Mathematica), it can be verified that
dg—2
3(do — 1)”00(2(22—3"_)1()1;%) : % < 0.9 < 1. This concludes the proof for the case k = 4. ]
o

In the proof of Lemma 3.3, we did not use the adjustment for dp,q(4) = 16.7 > 24log2. That is,
maxi_ 1,1 |(¥q)'(x)| < 1 holds for d € [24log2,32log2]. The adjustment dipa(4) = 16.7 is needed for
o1 <z<

the following lemma, which guarantees the existence of the solution to ¥4(z) = x.
Lemma 3.4. U4(3 — 55) > 1 — 5% holds for k > 4 for d € [dipa(k), duba(k)].

Proof. Let vy = vo(k) = ¥ (% — 5 ) as before. Then, from the definition of U, ¥in (1.12), Va(3—5%) > 335
is equivalent to vd < Qk 5 Wthh we aim to show for £ > 4. We start with the case £k > 5. We
have shown in (3.4) that vg 2 < 27kefk | holds, and by an analogous proof, ’Ug 1 < 27Fefr holds, where

By =er — 2k1_1 (1 — w) Thus, it suffices to show that

2(k —Dklog2 4klog2+2 2(k-1)
ok ok 1= ok :

1
(1—1—2 ) <4, where (=

For k = 5, e#(1 + 1/2%) can be computed to arbitrary precision (e.g. by Mathematica), and it can be
numerically verified that e (1+1/2%) < 3.7. Further, k — f3; is decreasing by comparing 3y and By 1, thus
this concludes the proof for k > 5.

Next, we con51der the case k = 4. Since d — vd is maximized at d = dp,q(4) = 16.7, it suffices to show
that vl 7 < 2 holds, where vy = Wy(1/2-1/24) = 3410/3753 Since v® 7 = (3410/3753)157 can be computed
to arbitrary precmon (e.g. by Mathematica), it can be checked that v§>" = (3410/3753)'%7 < 0.2221 < 2
holds, so this concludes the proof. I

1
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Proof of Lemma 3.1. By Lemma 3.4, W4(3 — 5) > 4 — 5% holds for k > 4. Note that ¥4(1/2) < 1/2

. 2k
holds since ¥(z) < 1/2 holds for any x > 0. Thus, since x — W4(z) is continuous and differentiable,

intermediate value theorem guarantees the existence of the solution to ¥4(z) = =z for = € [% - 2%, %]
L1

Moreover, |(¥4)'(z)| < 1 holds uniformly over # € [1 — 5%, 3] by Lemma 3.3, thus mean value theorem
11

guarantees the uniqueness of the solution to ¥4(x) = x for x € [f — 5% 5] ]

3.2 Proof of Lemma 3.2

Recall that *®(d) is defined in (1.2) as *®(d) = ®(d, z(k, d)), where z(k,d) € [§ — 3¢, 3] is the solution
to U4(x) = z, and we defined the function ®(d, x) by

®(d, x) = Bg(d,z) := —log(l —x) —d(1 — k' —d ') log(1 — 22%) + (d — 1) log(1 — 2*71). (3.6)
To prove *@(dlbd(k)) > 0 and *@(dubd(k)) < 0, we show respectively in Lemmas 3.5 and 3.6 that
®(dipa(k),z) > 0 and ®(duba(k),z) < 0 hold uniformly over = € [§ — 3, 3.

Lemma 3.5. For k >4, ®(dpa(k),z) > 0 holds uniformly over x € [3 — 2, 3].
Proof. Note that rearranging ®(d, z) gives

®(d, ) = —log(l —x) — d((1 — k') log(1 — 22%) — log(1 — 2" 1)) + log(1 — 22%) — log(1 — 2" 1) (3.7)
—log(l —z) —d((1 — k") log(1 — 2zF) — log(1 — :ﬂkil)) , '

where the inequality holds since log(1 — 22*) > log(1 — #*~1) holds for z € [0,1/2]. Note that the first
term in the right hand side x — —log(1 — z) is convex, so the linear approximation at x = 1/2 shows that
—log(1 — x) >1og2 + 2(x — 1/2) holds. Further, the function x — (1 — &k~ 1) log(1 — 2z%) —log(1 — 2%~ 1) is
increasing since

— Dk 21 -2z
%((1 — k) log(1 — 22%) —log(1 — 2*)) = E’lf = ;lk)(l(lx’fl;

Thus, the right hand side in (3.7) for d = djpa(k) can further lower bounded by

diba (k)
k

log (1 —27F) = F(k),

>0.

P (dipa(k),z) >log2+2(z —1/2) +
diba (k)
k

-log (1 — 2_k+1)
>log2 — o k+l 4

where we used x > 1/2 — 1/2% in the last inequality. Using the inequality log(l — a) > —a — % — % for
a=2"k1< %7 we have that for & > 5 that

F(k) =1log2 — 271 4 (2871 —2)log2 - log(1 — 27 %) >

<3log2—2— 6log 2 810g2>

2k 2k 22k

For k > 6, the right hand side above is positive since 3log2 — 2 — 31;52 > 0.01, thus (3.8) shows that
@(dlbd(k),x) > 0 holds for k¥ > 6 and = € [% — 2%, %} For k € {4,5}, we can explicitly calculate F'(k) by
F(4) =log2—1/8+(16.7/4)1og (7/8) > 0.01 > 0, and F(5) =log2—1/16+141log2-log (15/16) > 0.004 > 0,
thus (3.8) again concludes the proof for k € {4,5}.

|
Lemma 3.6. For k >4, ®(dyba(k),z) <0 holds uniformly over x € [3 — 5, 3].

Proof. We first claim that for k > 5, the function  — ®(dupa(k), ) is increasing for = € [1 — 5, 3] and
duba (k) = 2k=1Lk1log 2. A direct calculation shows that

0P 1 o1 zF=2(1 — 2z) 27k 1
%(dubd(k)yﬁ) =1_z (2 klog2 —1)(k —1) (1— xk_l)(l — ka) 1 — 2k
a*2(1 - 2z) 4 (39)
> — (2" k1og2 — 1)(k = 1) - -
= %Jr%k ( klog )(k—1) (1 —2k—1)(1—2zF) 2k —2°
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where the inequality holds since # — (1 — z)~! increasing, so it is minimized at z = 1/2 + 1/2*, and

r — 22F71/(1 — 22%) is increasing, so it is maximized at © = 1/2. Further, it is straightforward to check

that # — 2*72(1 — 2x) is decreasing for = € [5 — 5%, 3], thus it is maximized at x = 1/2 — 1/2%. Also,
x — (1 —2%1)(1 - 22%) is minimized at x = 1/2. Thus, by plugging in these bounds, we can further bound
oD 2 4 (2" klog2 — 1)(k — 1) 1\
%(dUbd(k%x) >2- <2k—1 +1 + ok _ 9 + 92k—3 (1= ok—1
(3.10)
2 4 (2" klog2 — 1)(k —1)
Z2(2’6—1+1+2k—2+ 92k—3 =2-GlE).

Note that the function k —> G(k) is increasing for k > 5. Furthermore, using the bound log2 < 0.7, we
can bound G(5) = % + f5 + 80log2-1 < 1.97 < 2. Therefore, 22 (dypa(k),x) > 0 holds for k > 5 and
x € [§ — 3, 3], which proves our first claim.

Consequently, for the case k > 5, it suffices to show that ®(2¥~1klog2,z) < 0 holds for z = 1/2. A

direct calculation gives
o2k 1K1 271 =lo 2—1—2"'11 2 -lo 1——1 0 (311
Og ) 2 g Og . g 2k 1 < ) ' )

where the inequality holds since log(1 — a) < —a holds for a € (0, 1). This concludes the proof for k& > 5.
It remains to consider the case k = 4. For k = 4, we claim that v — ®4 (dubd(4)7x) is convex in the

interval = € [ From the computation of d‘i (duba(k),z) in (3.9), we can calculate the second derivative

162 2]

by
0?°® d 1 223 d 222z — 1)
— (duwpa(4),2) = — | — — —— 3(32log2 —1) - — . 3.12
3x2( ba(4),7) dz (1—x 1—2x4>+ (821og ) dz ((1—z3)(1—2z4)> (3.12)
The first term in the right hand side can be bounded by
d [ 1 223 1 622 + 425 1 6(3)°+4(3)°
— ( - {4 4> — - — xr° + 45:172 > — - (2) : 42) > O, (313)
de \1—2z 1-22 (1—2) (1—2z4) (1-1%) (1-2(1)"2
where the final inequality is equivalent to 28516 100 > 0. The second term can be calculated as

d 2?(2r — 1) _(—162® 4 102" + 42° — 4z — 2 4 62 — 2)
de \ (1 —a23)(1—221)) (1 —23)2(1 — 224)2 '

Note that by neglecting the terms 10z7 + 42° above, we can lower bound

3 4 8
7 1 1 1
16,8 7 _ _ BT A Y A 1
162 + 1027 +42® —da* — 22 + 62 —2 > 6 - 16 2 (2) 4<2> 16<2> >0,

as well. Therefore, combining with (3.12) and (3.13) finishes

thus & (2354 ) > 0 bolds for @ € |
is convex in the interval = € [5%, 1].

the proof of our claim that x — CI)4( uba (4 T

Thus, by convexity,  — ®4(duba(4),2) is maximized at the end points = € {7/16,1/2}, and it suffices to
show that ®4(duba(4),7/16) < 0 and ®4(duba(4),1/2) < 0. For z = 7/16, ®4(duba(4),7/16) can be computed
to arbitrary precision (e.g. by Mathematica), and it can be checked that ®4(duba(4),7/16) < —0.08 < 0.
For z = 1/2, (3.11) shows that ®4(duba(4),1/2) < 0 holds. This concludes the proof for the case k =4. W

160 3]
), @)

Proof of Lemma 3.2. By definition, *®(d) = @(d,x(k, d)) holds, and (d,z) — ®(d,x) is clearly continuous.
Thus, in order to show the continuity of *®(-), it suffices to show that d — z(k,d) is continuous for any
fixed k > 4. To that end, note that the function ¢ (d, z) := ¥4(z) — x satisfies g—f < 0 by Lemma 3.3. Since
x(k, d) is defined to be the root of ¢(d, -), this implies that d — z(k, d) is continuous by the implicit function
theorem. As a consequence, we conclude that d — *®(d) is continuous. Since *®(djpq(k)) > 0 holds by
Lemma 3.5 and *®(dypa(k)) < 0 holds by Lemma 3.6, we conclude the proof. [ |
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4 Proof of Proposition 1.7 for k£ =3

In this section, we prove Proposition 1.7 for k = 3. Previous arguments for k£ > 4 in Section 3 do not
work because *@® is in fact, not well defined for all d in the interval [6log2,12log2]. To resolve this, we
instead restrict our attention to d € [diba(3), duba(3)] = [6.74,7.5] C [61og 2,121og 2]. In Section 4.1 we show
the following lemma which guarantees the existence and the uniqueness of the BP fixed point for k = 3.

Lemma 4.1. For k =3, d € [dpd(3), duba(3)] = [6.74,7.5], there exists a unique solution to V4(x) = x in

the range x € [ — &, 4].

By Lemma 4.1, the function d — *®(d) is well-defined. In Section 4.2, we prove Lemma 4.2 which
guarantees that d,(3) is well-defined.

Lemma 4.2. For k = 3, the function d — *®(d) is continuous for d € [dpa(3),duwna(3)] = [6.74,7.5].
Further, *®(dipa(3)) > 0 and *®(dupa(3)) < 0 hold.

Proof of Proposition 1.7 for k = 3. This is immediate from Lemma 4.1 and Lemma 4.2. |

4.1 Proof of Lemma 4.1

Recall the variable BP recursion ¥ and the clause BP recursion U defined in (1.12). To prove the uniqueness
of the BP fixed point, we show that the BP recursion ¥y = ¥ o ¥ is a contraction for k = 3.

Lemma 4.3. Ford e [dlbd(3>7dubd(3>] = [6.74,7.5],

(Pa)'(z)| <1 holds uniformly over x € [§ — 55, 3].

Proof. For k = 3, a direct calculation gives

-y (),
(- <12z;)d1>2 R

Using the inequality 124~ < 1 — 22 in the denominator above, to prove our goal |(¥4)’(z )| < 1, it suffices
to prove that for d € [6 7 7. 5] and x € [7/8,1/2],

(Wa)'(2) =

1 — 222

d—2
2(d-1) ( 2 ) z< (2- (12?1 (1-a?)?,

which rearranges to

(1) ((1-a2)"" —2)

(1—222)"2

L(d,z) := —2(d—1)z>0 for del6.74,7.5] and z € [7/8,1/2]. (4.1)

For the rest of the proof, we aim to show (4.1). We first claim that  — L(d, x) is increasing in the regime of
interest. The following observation is useful to prove our claim: suppose we are given differentiable functions
f(z),g(x), such that f(x) >0, g(x) <1, and ¢(-) is decreasing, i.e. g’(x) < 0. Then,

(f(2)g(@)) = f'(@)g(x) + f(w)g'(x) < '(x). (4.2)

That is, if we multiply f(-) by a non-negative function by a decreasing function that is less than 1, denoted

R . ) (1-22)"((1-2%)"""2)" (1-222y1-2
by g(-), then (f - g)’ < f’. Using this observation for f(z) = 27y and g(x) = o myhez;

which is less than 1 and decreasing, we have that

d-1 _ 5\?
gﬁ(d,x)>d<((l - 2)>—2<d—1>

dz (1—a2)%*

,xQ) -

(4.3)
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Abbreviating djpg = 6.74, dypa = 7.5, and Z1pq = 3/8, 2ypa = 1/2, we crudely bound

8(d —4) g1 2(d—-1)
g3 241 — —2(d+2)(1 — +1_«lae—1)
(1—a2)d (1= = (1 —2%) .
8(diba — 4) 2 12 o vdpatr  2dupa — 1)
B W 24(1 = 2ypa)” — 2(duba + 2)(1 — @p,g) ™™ —  Tma

The right hand side above is a combination of fractions and powers of the numbers 6.74,7.5,3/8,1/2, thus
can be computed up to arbitrary precision (e.g. by Mathematica), and it can be checked that the right
hand side above is greater than 10. Therefore, combining with (4.3), this finishes the proof of our claim that
x — L(d, z) is increasing in the regime of interest.

Since L(d, -) is increasing, to prove our goal (4.1), it remains to prove that L(d,3/8) > 0 for d € [6.74, 7.5].
By a direct calculation, we have

3\ (55/64)°7%  4(55/64)*"7" | 4(55/64)  3(d—1)
e 8) C (23732172 (23/32)17%  (23/32)72 V. (4.4)

We next claim that the d — L(d, 3/8) is convex for any d > 0. Recalling that 4 d2 = y4(logv)? for v > 0,
we can lower bound the second derivative by neglecting the first term in the right hand side:

ﬂ(d §) e * [ (55/64)4 o [ 35/64 > (55/64)* g [ (5/64)° 64
az\“3)=*\23) \(23/32)7 \ "8\ 23/32 (23/32)7 \ 8\ 23732 55
2 2\ 2
It can be numerically verified (e.g. by Mathematica) that (log (gg;g;)) > 0.01 > (1og <(5253/ /6342) )) . %.
(55/64)%
(23/32)¢
convex for any d > 0.
Now, since L(d,3/8) in (4.4) can be computed to arbitrary precision (e.g. by Mathematica), it can be
numerically verified that L(6.74,3/8) > 0.001 > 0 while L(6,3/8) < —0.2 < 0 holds. Therefore, L(d,3/8) >0

holds for d > 6.74 since L(-,3/8) is convex. Since we have shown that L(d,-) is increasing, this concludes
the proof our goal (4.1). [ |

(55/64)%%
(23/32)? *

Further, we have > Thus, the inequality above proves our claim that d — L(d, 3/8) is

Lemma 4.4. For k=3 and d € [dipa(3), dupa(3)] = [6.74,7.5], Ua(3 — 55) > 3 — 55 holds.
Proof. By a direct calculation, we have ¥4(3/8) = (1 — (46/55)%1) /(2 — (46/55)%~1), thus ¥4(3/8) > 3/8

is equivalent to (%)dil > g Since d — (%)dil is increasing, it suffices to check this for d = 6.74. Tt
can be checked numerically (e.g. by Mathematica) that (32 )5 ™S 2.7, thus U,4(3/8) > 3/8 holds for any
d€1[6.74,7.5]. |

Proof of Lemma 4.1. By Lemma 4.4, ¥4(2 — 2&) > 1 — & holds. Note that ¥4(1/2) < 1/2 holds since

¥ (z) < 1/2 holds for any 2 > 0. Thus, since 2 — ¥,(z) is continuous and differentiable, intermediate value

theorem guarantees the existence of the solution to V4(z) = z for z € [§ — 55, 3]. | (Pa) (z )| <1
holds uniformly over z € [§ — 55, 2] by Lemma 4.3, thus mean value theorem guarantees the uniqueness of
the solution to ¥4(z) =« for z €[} — 5,3 [ ]

4.2 Proof of Lemma 4.2

For k > 4, we have proven *® (di,a(k)) > 0 by showing that ®(dipa(k),z), defined in (3.6), is uniformly
positive for z € [f - 2%, 5] in Lemma 3.4. Unfortunately, the same does not hold for k£ = 3. That is, it is not
true for k = 3 that ®(dipa(3), z) is uniformly positive for z € [4 — 35, 1]. Instead, we prove *®(6.74) > 0 by

proving a refined estimates for x = x(3,6.74), the solution to (1.1).

Lemma 4.5. For k =3, we have *®(6.74) > 0.
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Proof. By Lemma 4.1, there exists a unique solution z, = x(3,6.74) to ¥4(z) = z for k = 3 and d = 6.74.
By the uniqueness guaranteed by Lemma 4.3, if there exists a,b € [3/8,1/2],a < b such that ¥4(a) > a and
P4(b) < b, then z, € [a,b] holds. By taking a = 0.4464 and b = 0.45, it can be numerically verified that
We74(0.4464) > 0.44645 and W 74(0.45) < 0.449 holds, thus we have z, € [0.4464, 0.45)].

We now prove that for k£ = 3 and d = 6.74, the function = — ®(6.74, ) is increasing for x € [0.44, 0.45],
where ® is defined in (3.6). By a direct calculation,

262 g 2
®(6.74,2) = —log(1 — ) — % log(1 — 22°) + % log(1 — 2?).

Differentiating in x gives that for x € [0.44,0.45]

o0 1 524 x2 287 T
92 (6.74. 3) = Lt T T
0r OTh ) = Tt o T T o T
1 524 (0.44)2 287 0.45

> oAt P L A
2104 T 1o 20407 25 1- (045 ~ b

thus @ — ®(6.74, ) is increasing for x € [0.44,0.45].

As a consequence, it follows that *®(6.74) > inf,¢(g.4464,0.45) P(6.74, x) = ®(6.74,0.4464) holds. Further,
$(6.74,0.4464) can be calculated up to arbitrary precision (e.g. by Mathematica), and it can be checked
that ®(6.74,0.4464) > 4 - 10~° > 0, which concludes the proof. [ ]

To show that *®(7.5) > 0 holds for k = 3, we use a similar strategy as in the proof of Lemma 4.5.
Lemma 4.6. For k = 3, we have *®(7.5) < 0 holds.

Proof. Let x, = 2(3,7.5) be the unique solution to ¥4(x) = x for k = 3 and d = 7.5 (cf. Lemma 4.1). By
taking a = 0.46 and b = 0.48, it can be numerically verified that U7 5(a) < a and U7 5(b) > b holds, thus by
uniqueness, we have z/, € [0.46,0.48].

We now prove that for £k = 3 and d = 7.5, the function z — ®(7.5,z) is increasing for = € [0.46, 0.48].
By definition of ® in (3.6), we have

*®(7.5) = —log(1 — ) — 4log(1 — 223) + 6.5log(1 — %) .
Differentiating in x gives that for = € [0.46,0.48]

oo 1 2442 13z 23 — 2422 + 122 — 1

—(6.74,z) = + - =—

Oz 11—z 1—223 1—22 (x—1)(z+1)(223 - 1)
1 24-(0.46)2  13-0.48

> — > 0.04 >0,
~1-046 1-—2(0.46)3 1—(0.48)2
thus z — ®(7.5,x) is increasing for x € [0.46,0.48].

Consequently, it follows that *®(7.5) < sup,¢(g.46,0.45) P(7-5,2) = ®(7.5,0.48). Further, ®(7.5,0.48) can
be calculated up to arbitrary precision (e.g. by Mathematica), and the inequality ®(7.5,0.48) < —0.04 < 0
can be checked, which concludes the proof. |

Proof of Lemma 4.2. By definition, *®(d) = @(d,x(3,d)) holds, where z(3,d) is solution to (1.1). Since
(d,z) — ®(d,z) is continuous, to prove the continuity of *®(-), it suffices to show that d — z(3,d) is
continuous. Note that the function ¢ (d,z) := Uy(z) — x satisfies g% < 0 by Lemma 4.3. Since z(3,d)
is defined to be the root of (d,-), this implies that d — z(3,d) is continuous by the implicit function
theorem. Hence, we conclude that d — *®(d) is continuous. Since *®(dj,q(3)) > 0 holds by Lemma 4.5 and

*®(dypa(3)) < 0 holds by Lemma 4.6, we conclude the proof. [ |
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